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SECTION A
Answers should be concise and relevant formulae may be assumed without

proof.

A1l  Show that for any distribution the first moment about the mean (also called the first
central moment) is zero. [4]

A2 Show that the expectation of the y? distribution is equal to the number of degrees
of freedom. [4]

A3 A bag contains four balls that either white or black. Two balls are drawn from the
bag at random without replacement. If both of the balls drawn are black what is the
probability that all of the ball in the bag are black? [Use Bayes’ theorem. | [4]

SECTION B
Significant marks are given for showing your working.

B1 The random variables Xi, ..., Xj are drawn from Poisson distributions with rates
Ay, Ag.
k
(a) Derive the distribution of Z = ) X; (5]
i=1
(b) Derive the conditional distribution of X given that Z = n [5]
B2 Yi,Y,... arei.i.d random variables with zero mean and o2 variance.

_ n
(@) Y, = % >, Y; is the sample mean of the first n values. Show that
i=1

2
Ef) =2 (1)
n
(2]
(b) Let ¢* = E[Y;"]. Show that
_ 1
E[Y,] = —<[ng" +3n(n - 1)o*] (2)
n
and thus deduce that there exists some constant C (which you don’t have to find)
such that
(o) . C
E Y, | <— 3
Zk > 3)

[Only evaluate the highest order term and approximate the sum with an integral.] [4]
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(c) Compare what the results 1 and 3 say about the sample mean’s deviation from
the true mean O when the sample size is large. Explain your reasoning in 200
words or less. [10]

Ui, ..., Uy are independent random variables drawn from a uniform distribution

with U; € [0, 1]

(a) If Q, = U}, show that the p.d.f. of Q, is g, (x) = %x%‘

[It might be easier to compute the c.d.f. of Q, ﬁrst.] [5]
(b) Show that §; = —In U is exponentially distributed with parameter 1.
(¢c) Show that S = —InUj - U, has p.d.f s,(x) = xe™. [5]

[Be careful with the integration limits/]
(d) Show that
Sn =—In n Ul'
i=1

xn—l

sn(X) = (n— 1)!6

1

has a p.d.f

—X

[5]

(e) What is the distribution of 7,,, the product of n standard uniform random

variables? .
T, = ]—[ U;
i=1

[10]

(f) The characteristic function of the standard Cauchy distribution is given by

¢(1) = e 4)

(a) using the inverse Fourier transformation

(o)

1 .
p0) = [ e owar

—00

show that the PDF of a standard Cauchy distribution is given by:

1

7 (1+X2) ©)

p(X) =
[10]
(b) Using (4) show that the mean of the standard Cauchy distribution is undefined. [5]
(TURN OVER
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(c) Using (5) directly, what do you get for the mean?

(d) Reminder thatif X7, ..., X, are independent random variables with
characteristic functions ¢(t), ..., ¢,(¢) and ay, ..., a, are constants, then the
characteristic function of the linear combinations of the X;s with weights a; is

given by:
beoms(1) = | | #i(ait) (©6)
i=1

Given k independent random samples drawn from the standard Cauchy
distribution, what is the distribution of their sample mean?

(e) What does the Central Limit Theorem say about the result of (4)?

B4  We have an unfair coin with some unknown probability 6 of coming up heads. The
value 6 is drawn from a uniform distribution on [0, 1].
(a) Xi, Xy are the results of the first two flips (1 if heads, O if tails). Find the joint
and marginal pmfs of X1, X5.
(b) Are X; and X; independent? What is their correlation?
(c) What is the posterior probability distribution of  right after we observe
X =17
(d) Show that if we flip the coin n times and get k heads, then the posterior
distribution of 6 is given by:

p(8ln, k) = (n + 1)(Z)ek(1 _ )k 7
[Use induction.]

B5 The pdf of a Pareto distributed random variable X with shape @ > 0 is given by
p(x) = % where x > 1

(a) Compute C. For what values of « are the mean and variance of X finite?

(b) Given Xi, Xp, ..., Xy independent random values drawn from a Pareto
distribution, what is the maximum likelihood estimator for the shape parameter a?

B6  You know that X and Y have a linear relationship of the form Y = m - X. You have
measured some values y at points x.

(a) Show that ordinary least squares estimation gives 7 = M

X

(b) How does the expected value of 71 change if you add some noise to the
measurements y? How about adding some noise to x?

B7 A minimum-variance unbiased estimator (MVUE) is an unbiased estimator for a
parameter that has lower variance than any other unbiased estimator. Why is this an

[5]

[5]
[5]

[6]
[4]

[5]

[10]

[4]

[3]

[6]
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interesting object? What happens if you relax the restriction on bias? How does the
MVUE relate to the concept of an efficient estimator? Provide your answer in 200 words

or less.

B8 The geometric distribution describes the number of independent trials up to and
including the first success given that the probability of an individual trial succeeding is p.

2Show that the PMF of the geometric distribution is given by

g (i) = P[first success on trial i] = (1 — p)"'p

4Given that the Characteristic function for a random variable X is
¢x(t) = E[e"X], show that the Characteristic function of the geometric

distribution is: ,
pe'

¢g(t) = -1 —p)e”

®)

(a) Show that the mean and variance of the geometric distribution are given by:

and {
. 4

v(i) =
P2

(b) Given some samples from a geometric distribution x1, x7, . .
method of moments estimate for p?

., Xy, what is the

(c) Given the samples above, what is the maximum likelihood estimate for p?

(d) You repeatedly roll a d sided die and keep track of how many distinct faces of
the die you have seen. 7; is the number of additional rolls necessary to see the ith
face after having seen i — 1 already. Show that 7; follows a geometric distribution.

What is its parameter p?

(e) What is the mean and variance of the number of rolls needed to get all possible

outcomes on a 4 sided die?

(f) Using the approximation of the central limit theorem and the values in Table 1
(see the end of the paper), how many times do you have to roll the die to be 95%

sure you’ll see all possible outcomes?

(g) A fast-food chain is running a promotion where every meal comes with a ticket

randomly chosen from four varieties. You really want the grand
collecting all four types, but after 30 meals you are still missing
conclusion about the promotional tickets?

prize for
one. What is your

(TURN OVER

[15]

(2]

[4]

[5]

(2]
[3]

[4]

[4]

[3]

[3]
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B9 Xi, X,..., Xy are independent random variables drawn from an exponential
distribution with probability density p(x) = Ce™,0 < x
(a) Compute C and the mean and variance of X; [5]
(b) Show that the maximum likelihood estimator for the rate parameter is
A N
A= —— 9)
2 Xi

i=1
[3]
(c) Given the pdf of the sum

ZX sy (1) = -1 1), e

and the following property of the gamma function for integer n

(o)

I'(n) = / "leTldt = (n—1)!

0

Show that the expected value of the estimate from 9 is:

A N
E[l] =——A
4] N-1
[5]
(d) Construct an unbiased estimator for A and compute its variance [6]
(e) Compute the minimum-variance bound for an efficient estimator of A. [4]
(f) Is your unbiased estimator from part 4 efficient? [2]

B10 We take N = 2n + 1 iid samples from a probability distribution with a smooth pdf
f(x) and cdf F(x).
(a) Show that the probability that the sample median 7 falls between x and x + dx

1S
2n+1)!

g T - P fxax (10)

Plx <m < x+dx] =
[5]
(b) Using Stirling’s approximation n! ~ V2zn(%)", show that

2n+1)!  (2n+ 14"
(n)> =

[5]
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(c) using a Taylor series expansion around the distribution median m = F~! (%)
show that

4€’nf(m)?
-

4" F(m+e)(1-F(m+¢€)))" =(1 +o(ed))" (11)

(d) The expression in 11 has a sharp peak around € = 0. To estimate the width of
the peak show that for large n

é:u—%éw (12)

_ 1
holds when € = Tovn

(e) Are additional terms in the Taylor expansion in part 3 necessary to determine
the asymptotic behaviour as n — oo?

(f) For large N, the following term can be approximated by a (unnormalized)

Gaussian. ;
) 4€%n f (m)2
n
What are its mean and variance?

(g) Show that for large N, the mean and variance of the sample median are given
by:

E[m] =m
and :
O = N F a2

(h) What is the relative efficiency of using the sample median versus the sample
mean as an estimator for the mean of a normal distribution?

END OF PAPER

[5]

[4]

(2]

[4]

[6]

[4]



Degrees of freedom

x? value

1 0.004 0.02 0.06 0.15 046 107 164 271 384 663 10.83
2 0.10 021 045 0.71 139 241 322 461 599 921 13.82
3 035 058 1.01 142 237 366 464 625 7.81 11.34 16.27
4 0.71 1.06 1.65 220 336 488 599 778 949 1328 1847
5 1.14 1.61 234 3.00 435 606 729 924 11.07 15.09 20.52
6 1.63 220 3.07 383 535 723 856 10.64 1259 16.81 22.46
7 2,17 283 382 4.67 635 838 980 12.02 14.07 1848 2432
8 273 349 459 553 734 952 11.03 1336 15.51 20.09 26.12
9 332 417 538 639 834 10.66 1224 14.68 1692 21.67 27.88
10 394 487 6.18 727 934 11.78 1344 1599 18.31 23.21 29.59
p-value (probability) | 0.95 090 0.80 0.70 0.50 030 020 0.10 0.05 0.01 0.001

Table 1: y? distribution values
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