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H2: The Dirac Equation




H2

Non-Relativistic QM (Revision)

@ For particle physics need a relativistic formulation of quantum mechanics

@ Take as the starting point non-relativistic energy:
_2

E=T+v=2L 1v
2m

o In QM we identify the energy and momentum operators:

= 0
7. E '7
— —iV, — i :

@ which gives the time dependent Schrédinger equation (take V=0 for simplicity)

9
Vi =i (12)
ot
with plane wave solutions: 1) = Ne(P™=E) \where Iaw =Ey, —iVy=py
@ The SE is first order in the time derivatives and second order in spatial derivatives —
and is manifestly not Lorentz invariant.
@ In what follows we will use probability density/current extensively. For the
non-relativistic case these are derived as follows. Firstly, (12) implies that

1 iaw*
ot

77621[)* — _

2m (13)
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o " x (12) — ¢ x (13) :
_im (w*v2¢_wv2¢*) — (w ad}

8w>

1 = * v = _ . *
s (W - T) = i ()
@ Which by comparison with the continuity equation
Op

Viji+2=0
I+ ot
leads to the following expressions for probability density and current: p = ™y = |1/)|2,
e 1 * v *
=g (Ve -y
o For a plane wave 1) = Ne/(P-7Et)
p=INP

and
J=INP?, and

3wy
I
=
v

@ The number of particles per unit volume is |N|?

o For |N|? particles per unit volume moving at velocity v , have |N|?|| passing through
a unit area per unit time (particle flux). Therefore fis a vector in the particle's
direction with magnitude equal to the flux.



The Klein-Gordon Equation

o Applying p — iV, E— i0/0t to the relativistic equation for energy:
E? = |pf* + m® (14)
gives the Klein-Gordon equation:

52 -
5%2V%7m% (15)

. 2 2 2 2
o Using 9, = 52 = (gga%g) o= - L
@ KG can be expressed compactly as
(0", + m* ) =0 (16)
o For plane wave solutions, ¢ = Ne'(P™F)  the KG equation gives:
—E%) = —|pPy — Py — E = £/[p + m?

@ Not surprisingly, the KG equation has negative energy solutions — they are allowed by
our starting equation (14).

o Historically the —ve energy solutions were viewed as problematic. But for the KG
there is also a problem with the probability density ...
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H2

@ Proceeding as before to calculate the probability and current densities, the complex
conjugate of (15) is:

_ ﬁ2w* _ m2¢* (17)

P* x (15) — ¢ x (17) :

2 ok
O T (V0 ) — (T — )

d) 31“ _ = * —
(05 —v5) = v Tu-ue)

@ Which, again, by comparison with the continuity equation allows us to identify

o™ > ke S
(waf ;‘;) and  J= i Ve — pVT)

i(PT=Et) g that

@ For a plane wave ) = Ne
p =2E|N|? and j = 25|N|?

o Particle densities are proportional to E and thus to . We might have anticipated this
from the previous discussion of Lorentz invariant phase space (i.e. density of 1 in the
particle's rest frame will appear as - in a frame where the particle has energy E due
to length contraction).
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The Dirac Equation

Historically, it was thought that there were two main problems with the Klein-Gordon
equation:

o Negative energy solutions

o The negative particle densities associated with these solutions p = 2E|N|?
We now know that in Quantum Field Theory these problems do not arise and the KG

equation is used to describe spin-0 particles (inherently single particle description —
multi-particle quantum excitations of a scalar field).

Nevertheless:

@ These problems motivated Dirac (1928) to search for a different
formulation of relativistic quantum mechanics in which all particle
densities are positive.

@ As we will see, the solutions of the resulting wave equation solved
not only this problem but also explained intrinsic spin and why
antiparticles exist.

o [Not examinable: The magnetic moment of the electron is also
explained by the Dirac Equation. See Appendix IV.]
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The Dirac Equation :

o Schrodinger eqn: — - V2 = i2% is 1st order in 9/t
o Klein-Gordon (99, + m*)¢) = 0 is 2nd order in 8/0x,0/dy,d/0z

@ Dirac looked for an alternative which was 1st order throughout:

= (@p+ pmyp =19 (18)

where H is the Hamiltonian operator and, as usual g = —iﬁ
e Writing (18) in full:

.0 . o0 . 0 (.0
(flaxa — /aya — lazg +,Bm) P = (la) P

“squaring” this equation gives

.0 . 90 . 0 .0 . 90 . 0 9%y
<—lo¢xa — lay@ — oo +,Bm> <—1axa - lozya — oz o +,8m> P = ey

@ Which can be expanded in gory details as. ..
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Py 200 0% 0%

e = e g Cigm tAMY
Py Py
—(OéxOéy + ayax)aTa}/ (ayaz + azOCy) 8 (Oézax + axaz)azax
0
—(axB + ﬁaX)ma% - (ayB + Bay)m 1/) — (e + 5O‘Z)m£

@ For this to be a reasonable formulation of relativistic QM, a free particle must also
obey E2 = 5 + m?, i.e. it must satisfy the Klein-Gordon equation:
P Py Py Py o 2,
otz Ox2  9y?  0z2

@ Hence for the Dirac Equation to be consistent with the KG equation require:

aizaz—az—ﬁ—l (19)
o+ Baj =0 (20)
ajo + ooy =0 (j #* k) (21)

o Immediately we see that the a; and 8 cannot be numbers. Require four mutually
anti-commuting matrices.
@ Must be (at least) 4x4 matrices (see Appendix IlI)
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Consequence: these Dirac Spinors have at least four components!

Somewhat surprising conclusion:

A consequence of introducing a Lorentz Covariant wave equation that is first-order in
time/space derivatives is that the wave-function has to have extra degrees of freedom we

didn’t previously know we would need!

Schematically:

Y2

(first-order Lorentz-covariant wave equation) = P = y
3

s
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A representation of Dirac’'s @ and [ matrices

We also want the Hamiltonian Hy = (&.5 + Sm)y to be Hermitian.
This extra constraint forces:

ax = af; oy =af; oz = af; B =p" (22)

i.e. we need to find four anti-commuting Hermitian 4x4 matrices.

At this point it is convenient to introduce an explicit representation for &, 8. It should be

noted that physical results do not depend on the particular representation — everything
important could be derived from the anti-commutation relations (19)-(21).

A convenient choice is

based on the Pauli spin matrices:
|- 1 0 (0 1 (0 —i (1 0
“\o 1) > \1 o) T o) 7700 -1

74 /563




H2

Dirac Equation: Probability Density and Current

o Now consider probability density/current — this is where the perceived problems with
the Klein-Gordon equation arose.

@ Start with the Dirac equation

o . ) 0P
—laxa — ozya I(yza— + mpBy = IE (23)

and its Hermitian conjugate

oyt o oyt ot .
+d—ax+ d— +la—a +mytgt =

81,’1T

"ot (24)

o Consider 1T x (23) — (24) x 1 remembering a, 3 are Hermitian

pt T pt
wT (71'%?7[(1 oy iozzaleﬁ U) (Ial/ ax+l%ay+lm az+mwT )
X

y@ 0z Ix dy 0z
=i 20 2,
N
‘ oy oy Y ' oy’ ' oW'y)
i el e i =
w(aanJr ()y+ dz>+(6xax+ ayaer 97 % v+ ot 0
o Now using the identity:
‘ oy’ A
T, 28 L 9Y
v ax + ax P = [22%4
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@ gives the continuity equation

- . At
V(v aw) + % —0 (25)
where T = (1, 93,95, ¢5)
@ The probability density and current can be identified as:
p=1"
and
j=wlay
where p = T = |1 ? + [v2* + |93 + [¢a]* > 0
@ Unlike the KG equation, the Dirac equation has probability densities which are always
positive.
@ In addition, the solutions to the Dirac equation are the four component Dirac Spinors.
A great success of the Dirac equation is that these extra components naturally give

rise to the property of intrinsic spin and antiparticles. (See (43) on page 98 for
discussion of why Dirac spinors represent spin-half particles.)

@ Such particles have an intrinsic magnetic moment of

= %5 (see Appendix 1V).
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Covariant Notation for Dirac Equation using the Dirac Gamma Matrices

@ The Dirac equation can be written more elegantly by introducing the four Dirac
gamma matrices: Y° = 8; 7' = fan; 2 = Pay; ¥ = P

@ Premultiply the Dirac equation (23) by 3

lﬂaxi-ﬂﬂaya*w""ﬂ a2l - B2mp = —iBg 111
10 -281/1 7/J 087,/1
S Ty T g T =G,

e using 9, = (&, 2, 3%7 £ this can be written compactly as:

(I.’Y'u({)’u — m)¢ — O (26)

e NOTE: it is important to realise that the Dirac gamma matrices are not four-vectors -
they are constant matrices which remain invariant under a Lorentz transformation.
However it can be shown that the Dirac equation is itself Lorentz covariant (see
page 143 of Appendix V).
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Properties of the gamma matrices

From the properties of the o and 8 matrices (19)-(21) one immediately obtains:
('yo)2 =p=1 and (’yl)2 = Bax Bax = —axBBax = —a2 = —1.

The full set of relations is

) =1
=07 =0)Y = -1
YA+ =0

P Y =0 (#K)
which can be expressed as:

‘ " =" 7" = 28"

which defines an algebra.
o (3 is Hermitian so A° is Hermitian.
@ The a matrices are also Hermitian, giving

7= (Ban)' = ol = auf = —fax = .
hence 7}, ~?, 4% are anti-Hermitian:

(0F3 0 1
YT =19" 4t =

ARt = a2 AR N3
-7, 7T =7, 7 ==7}
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Pauli-Dirac Representation

@ From now on we will use the Pauli-Dirac representation of the gamma matrices:

o (I O\ . [0 o
T=\o 1) 7T T e 0

which when written in full are

10 0 0 0 0 0 1
o o001 0 ol 4+ [0 o 10
T 1o o -1 of" 7" o -1 0 o]

00 0 -1 1 0 0 0

0 0 0 —i 0 01 0

0 0 i 0 s o o0 -1

0100'7*—1000

00 0 0 10 0

o Using the gamma matrices p = 174 and f: @ can be written as
J* = (p,J) = T%y*4p where j* is the four-vector current. (The proof that j* is
indeed a four vector concludes on page 151)

@ In terms of the four-vector current the continuity equation becomes 9,,j* =0

o Finally the expression for the four-vector current j# = thT~%~v*4)

can be simplified by introducing the adjoint spinor.
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The Adjoint Spinor

The adjoint spinor is defined as follows:

ESIE
10 0 0
I.€. ?/JZQN’YO:(T/) )TWOZ(%J/&,%,UM) 0 0 -1 0 - SO
00 0 -1

In terms the adjoint spinor the four vector current can be written:

=9y

We will use this expression in deriving the Feynman rules for the Lorentz invariant matrix
element for the fundamental interactions.
@ That's enough notation, start to investigate the free particle solutions of the Dirac
equation...
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Dirac Equation: Plane Wave Solutions |

We are interested in plane wave solutions to the Dirac Equation (26) of the form:

b= T Eu (£, )| (28)

where ut are appropriately chosen four-component ‘spinors’ and E? = m? + 2. [Aside:
we will also name these spinors (uy, u—) <> (u, v) in equations that feature just one but
not the other.] Since the Dirac Equation (26) is:

(i7" 9 — m) = 0

such solutions would need to satisfy: (iv"(TFip,) — m)e Py, (E, 5) =0 or

] (v Pu F mux =0 \ (29)

which is written by most sources as two separate expressions:

(v*pu—m)u=0 (30)
(V'put+mv=0 (31)

with (30) and (31) referred to as ‘the momentum space representation of the Dirac
Equation for particle spinors’ and ‘anti-particle spinors’, respectively. [Aside: proper
justification for those names will be provided later!]

Note that (30) and (31) are algebraic rather than differential equations.
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Dirac Equation: Plane Wave Solutions |l

We will solve (29) to gain insight into the properties that u and v (i.e. that ut) must
have. Re-writing (29), i.e. (v*p, F m)u+ = 0, in our representation of the Dirac Algebra

GO AU R IS

Exm -G-p Exm -G-p At
= (+a p —E¥m) e <+a 5 —Exm)\6:)=0 &
where we have broken the four-spinors u4 into the their top two parts A+ and their

bottom two parts B+. The expression (33) may be written as two simultaneous equations
(34)
(35)

gives us:

or more succmctly

(EFm)As = (5 p)Bs
(E+m)Bs = (G- )Ax.

These two equations turn out to be equivalent to each other (at least when £ # m?) and

so they amount to half as many constraints on A+ and B4 as one might naively imagine

To prove this statement, note first that (& - 5)> = (E — m)(E 4+ m)/ since

. 2
— — z xil 1 0 —
@ = (, 5 P ) — G (g ) =160 = (E

Px + ipy —P:z
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Dirac Equation: Plane Wave Solutions Il

Then observe that when E? % m?:
(34) = [(EF m)Ai = (¢ p)Bx]
— [(EFm)@ PA: = (7 p)Bx]
= [(EF m)(o P)A+ = (E — m)(E + m)Bx]
> [(5-P)A+ = (E £ m)B]
> (35).

[Aside: above we have required E? # m? (equivalently ' # 0) since it allows us to divide
by E & m which makes the maths easier to present. While equations (34) and (35) are not
equivalent when E? = m?, it may still be shown that the g — 0 limit of all our future
result(s) is indeed the same as the result(s) one would have found by considering E = +m
as a special case at the outset. On other words: there is nothing special or magical about
p = 0; it the same as the limit 5 — 0. Thus we cheerfully assume that E? £ m? wherever
required hereafter, even though our results are also valid for E? = m? . (That we can do
this should follow from Einstein's equivalence principle!)]
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Dirac Equation: Plane Wave Solutions 1V

As ‘(EﬂFm)Ai:(E-ﬁ)Bi (34)\ and \(Eim)si:(a-ﬁ)/\i (35)\

are equivalent (at least when E” £ m?) we may keep whichever one we like and discard
the other, and then we may regard one of A+ and B4 free while the other is fixed by the
retained equation. For reasons which may become clear later, we choose the following:

@ when considering u; we use (35) to fix B in terms of an unconstrained A, ; and

@ when considering u_ we use (34) to fix A_ in terms of an unconstrained B_, so that

A 55
uy =ué€ {( G5 A+) ’VA+} and u_ =v e {(E+mg_) ’VB,}
E+m’ '+ -

or, equivalently, we could say u; = u € span{ui, i} and u— = v € span{vi, vo} where:

8] a1 a0
@) @) U0

where N may be freely chosen (see next slide).

= O = O
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Comments on the Dirac spinors uy, up, vi and v».

@ It may be instructive to observe that the last definitions unpack to:

px—ipy pz
1 0 E+m E+m
0 1 =Pz Pxtipy
u=N Pz , =N\ p—ip |, =N E+m , w=N| Efm
E+m E+m 0 1
Px+ipy —Pz 1 0
E+m E+m

O If one wishes to choose N so that o ()Y (1), ¥ (u2)(u2), T (vi)(v1), and
YT (v2)¥(v) are all to equal 2E, then a suitable choices is

N=vVE+m.

This gives the ‘2E-particles-per-unit-volume’ normalisation which we determined was
needed in the previous handout. [Check this value of N is correct! You may find it
easier to perform this check on the non-unpacked forms of the u and v spinors given
on the previous slide.]
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Does the Dirac Equation solve the negative energy states problem?

The answer to this question depends on the context.

@ Our definition of u and v via uyt in (28) placed no explicit requirements on the sign
of E. It demanded only that E? = m? + 7.

@ Actual observed Dirac Particles clearly have positive energy (see e.g. evidence on page
88). This strongly motivates us taking E = 4++/m? + p2.

o Nonetheless, (28) shows that:

a .0 (57— ., (57— -
E p(us) = (a) (477 us(E,§)) = £ET T uL(E, §) = £E (us)

implying that taking E > 0 would lead the ‘usual’ energy operator having positive
eigenvalues on the u = u; spinors, but negative eigenvalues on the v = u_ spinors.
Dirac initially thought that half of his particles had negative energies. He developed
various (now discredited) theories as workarounds (Dirac hole model, Dirac sea, etc).

o With the benefit of hindsight, all these were non-problems: the transition from
Quantum Mechanics (1st quantisation) to Quantum Field Theories (2nd quantisation)
gave a new interpretation to the i% operator and the energy operator in the contexts
above. In Quantum Field Theory, all energies are positive, but the u-spinors have
‘positive frequencies’ and the v-spinors have ‘negative frequencies’ ... see QFT course.

@ As this course is QM rather than QFT based, we need to apply workaround to some

of our operators. See page 93.
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Discredited Dirac sea / hole model

@ An attempt to explain why particles able to take negative energies would not fall
down to ever lower energies radiating lots of energy in the process.

@ Dirac Interpretation: the vacuum corresponds to all —ve energy states being full with
the Pauli exclusion principle preventing electrons falling into -ve energy states. Holes
in the —ve energy states correspond to +ve energy anti-particles with opposite charge.
Provides a picture for pair-production and annihilation.

y—e e eet -y
L3 F'S r'y
me2 | ——— me2 |l =—— me2| —/———
— 1‘—“1- I - J
Y

-mc2| ——— -mc? le—o—o— -mc2|- :—.,.i‘o—
——— —_——— ———o—

- c——— o — =
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Discovery of Positron

© ifornia Institute of Te . ATl rights reserved.
Commarcial use or medification of this material is prohibited.

@ e+ enters at bottom, slows down in the lead plate — know direction

@ Curvature in B-field shows that it is a positive particle

@ Can't be a proton as would have stopped in the lead = Provided Verification of
Predictions of Dirac Equation

@ Anti-particle solutions exist | But the picture of the vacuum corresponding to the
state where all —ve energy states are occupied is rather unsatisfactory, what about
bosons (no exclusion principle),.. ..
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Chronology relating to Negative Energy Solutions

@ 1928, Dirac invents his Equation. Probability density is positive, but negative energies
are permitted (Proc. Roy. Soc. A117, 610-628) [1].

@ 1930, Dirac tries to solve negative energies via the “hole” theory. He relates
anti-particles to negative energy eigenstates. (Proc. Cam. Phil. Soc. 26, 376-381)
2]

@ 1934, Paulu and Weisskopf present a new interpretation of Klein-Gordon equation: as
field equation for a charged spin-0 field. p represents the charge density. The energy

is given via
1 3 2 212
3 [ @[k + mtiof]
and thus positive by definition (Helv. Phys. Acta 7, 709-734) [3].

@ 1934, The Dirac equation aquired a field-theoretic interpretation. It no longer
represented a probability amplitude. Instead it became the field operator of a spin—%
field in a QFT. See the QFT and AQFT courses.
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Charge Conjugation |

@ In the part Il Relativity and Electrodynamics course it was shown that the motion of a

-,

charged particle in an electromagnetic field A* = (¢, A) can be obtained by making
the minimal substitution 5 — g — eA; E — E — ep. With p= —iV, E= i0/ot
and A* = (¢, A) this can be written

Oy — Ou + ieA,
and so under the above substitution the Dirac equation becomes:
V(O + ieAu )Y + imp =0 (36)

@ Now (for fun, and just because we can!) take the complex conjugate of the above
and pre-multiplying by —iy? to get this:

=i’ (O — ieA)Y" — mye" = 0. (37)
To simplify (37), note that in our representation of the gamma matrices we have:

0 1 2 3% 3
A e B e i i A
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Charge Conjugation Il

from which we can show that commuting a v? past any gamma-matrix
complex-conjugates-and-negates that gamma-matrix:

VA =
We may therfore push the 4* past the v** in (37) to get:
Y8, — ieAL) i’ 4 imin*p* = 0. (38)

Since the expression iyty* features twice in the above, we may simplify things further
by defining an operator C as follows

Y = Cyp = iy

so that (38) becomes:
V(O — ieAu )Y’ + imy’ = 0. (39)
e Comparing (39) to the original equation (36):
V(O + ieAu )Y + imp =0

we see that the spinor v’ describes a particle of the same mass but with opposite
charge, i.e. an anti-particle ! C : particle spinor <= anti;particle spinor
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Charge Conjugation IlI

@ It cannot be stressed how revolutionary the result of the last slide was, when
discpvered. That discovery shows that half of all spinor degrees of freedom relate to
particles that ‘go the other way’ when experiencing an external field. In short, Dirac
discovered that every fermion has an anti-fermionic partner.

@ Because of the change in the sign of e in (36) compared to (39), we can henceforth
name C the Charge Conjugation Operator for our representation of the
gamma-matrices.

o For fun, consider the action of é_on the free particle wave-function: ¢ = uye/(P7=£%)
Y = Cop = in** = inPufePTE)
j * px—ip,
0 07 o 0 B
iVur =i 0 i VETm| o | =vETm| & | = v hence
0 i 0 O = 0
- 000 . 1
W= ulei(ﬁ-?—Et) é 7/’/ _ vle—i(ﬁf—Et)_
Similarly ¢ = u,e/PTE) Syt — v, e 1(FTED),

@ Thus, henceforth we may call v; the anti-partner of u; and we may call v, the
anti-partner of wu>.

o [Note to lecturer: tell class about general link between complex conjugation and
anti-particles.]
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Special operators for (some) anti-particle solutions

We noted on page 86 that if we were to apply the usual QM operators for energy and
momentum

A=i9/ot and p=—iV
to particle or anti-particle solutions of the Dirac Equation of the form
= u(E7 F—)»)e+i(5.F—Et) and b = V(E, 5)67,'(‘,‘_,;3)

then we would get eigenvalues for the anti-particles whose signs would be reversed from
the physically/desired expected values. The signs for the anti-particles would be ‘broken’
by the — in their expotent. This is not an issue if working in QFT from the start (different
operators!)

@ As the couse is in limbo, between experiment and theory: our workaround is use
different operators (just for anti-particle states) to extract physical energies. l.e.

define: ) .
AV = —ig/ot  and PV =iV.

@ Need to do same for some other operators too. E.g.: under the transformation
(E, p) — (—E, —p) one would necessarily get L=FA p— —L. Conservation of total
angular momentum is [H, [+ §] = 0 so one needs to use 5¢) — —§ to measure
physical spin of anti-particles.
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Summary of Solutions to the Dirac Equation

1

@ The 2E-per-unit-vol-normalised free PARTICLE solutions to the Dirac equation
Y = u(E, p)et P satisfy ’ (Ypu —mu=0 ‘
with vy = vVE+m

0
Pz )
E+m

1
w2 =v E + m Px*ipy
E+m
Px+ipy —p;
E+m E+m
@ The ANTI-PARTICLE solutions in terms of the physical energy and momentum:
¥ = v(E, B)e P satisfy | (v pu + m)v = 0]
Px—ipy EP:
Ef+7przn Px+$y
with vi = vVE 4+ m EBm ; vo=+vE+m
1

Em
0
@ For the anti-particle states, operators whose eigenvalues are time-odd require reversed
forms, e.g. LY CoR——
o For both particle and anti-particle solutions E = \/|p|? + m?.
(Now try question 7 — mainly about four-vector current.)
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Why do Dirac particles have intrinsic angular momentum? (slide 1 of 3)

The Ehrenfest Theorem: 2 (A) = £ ([H, A]) + (%2).
@ For a Dirac spinor is orbital angular momentum a good quantum number? i.e. does

L = A p commute with the Hamiltonian?

[H,[] = [d.5+B8m,FAp]

— @A AR
Consider the x component of L:
[H,L] = [&.p,(FAP)x]
= [oxpx + aypy + azpz, yp: — zpy ]

The only non-zero contributions come from:

[H L] = oyp:py,y] — azpylp:, 2]
= —i(ayp: — azpy)
= —i(@A P)x.

Consideration of other components shows that
[H,[] = —iGAp (40)

@ As this is not zero, the orbital angular momentum operator does not commute with
the Hamiltonian, and so orbital angular momentum is not a constant of motion by
Ehrenfest. This should make you unhappy!
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Why do Dirac particles have intrinsic angular momentum? (slide 2 of 3)

Avoid depression by introducing a new mystery (perhaps even useless??) 4x4 operator:

= lo 1/ O
S—EZ—EQ Q

where & are the Pauli spin matrices: i.e.

0 1 0 O 0 - 0 O 1 0 0 O

1 0 0 O i 0 0 O 0 -1 0 O
ZX_OOOI’ZY_OOOfI’ZX_OOIO

0 0 1 O 0 0o /i O 0 0 0 -1
Now consider the commutator = =

[H,5] = [a.p,5]
here
= I 0 g 0 g 0 /I 0
8,31 = (o —I) (0 5) a (0 &) (0 —/) =0

and hence

[H,%] = [a.5, %]
Consider the x comp:

[Ha ZX] = [O‘pr + aypy + 0zpz, Z><]
= pulac, T + pylay, T + pzfaz, I
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@ Taking each of the commutators in turn:
0 o« ox 0 ox 0 0 ox)\ _
w0 9) (6 )= (5 2) (e 5)-e
o 0 oy\(ox 0 (ox O 0 oy
oy, 2] = (Uy O) (0 ax> (0 ax> (ay O)
_ 0 OyOx — OxOy
— \oyox —ox0y 0

. 0 —2i0,
o —2io, 0
= 2ia,

and similarly [a;, X«] = 2ia,. Hence:
]

[y

[Hv SX] = 5 (Px[ax,zx] +py[a}’7zx] +pz[azvz><])

N

1 . . P
= 3 (0 — 2ipyax + 2ip;ay) = i(& A pP)x
and in general
[H, 57] —idAp. (41)
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Why do Dirac particles have intrinsic angular momentum? (slide 3 of 3)

@ Hence the observable corresponding to the operator S is also not a constant of
motion. However, comparing (40) and (41) we see something quite amazing!

[H,L]+[H,S] = —i@AG+iGdNF=0 (42)
Therefore the most amazing result in the whole course is that L 4+ S is conserved:
d L
E(L+5)O<[H,L+5]:0. (43)

@ In passing, but less excitingly, one might also note that because
= 1/ 0
°=3 (0 5)

the commutation relationships for S are the same as for the & , e.g. [Sx,S,] = iS..
Furthermore both S? and S, are diagonal

=i+ +) =} P S=3

[N NeNe]

0 1 0 0 O
0 0 -1 0 O
0 0 0 1 O
1 -1

OO o
o O o

0 0 O

o Consequently S°t) = S(S+ 1)1) = 2 and for a particle travelling along the z-direction
h

_ 41 : : : : o1
S;¢ = £ 39 or 5 in non-natural units and so dirac particles are spin-5.

98 /563



H2

Spin States

@ In general the spinors u1, uz, vi, v» are not Eigenstates of S,

1 0 0 O
& _1v _1({oz 0\ _.|0 -1 0 O
52_2:2_2<0 0'z>_2 0 0 1 0
0O 0 0 -1
@ However particles/anti-particles travelling in the z-direction: p, = £|p]
1 0 0 Eslzl)
— E+m
0 1 Flpl 0
e u=N +|5] ; =N 0 ; vi=N| Etm vw=N 1
E+m —
0 22 1 0
are Eigenstates of s,
S = flu Su = +-u
zU2 — 2 2,9zU1 — 2 1
Wy — &y -t evw, — s, 1
> v1_—51V1—-|—*V1,5Z vw=-Swn=—>vn
2 2
- - - - - R g R
up g up g Vi g 1%} N ui N u - Vi - 1 %)

—

—

Note the change of sign of 5§ when dealing with antiparticle spinors
Spinors u1 w2 vi wveare only eigenstates of S, for p,= %|p|
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Pause for Breath. ..

e We have found solutions to the Dirac equation which are also eigenstates 5, but only
for particles travelling along the z axis. This is not a particularly useful basis!

@ More generally, we want to label our states in terms of “good quantum numbers”, i.e.
a set of commuting observables.

o We can'’t use z component of spin since [H, 5,] # 0 as see in (42)

@ We will introduce a new concept: “HELICITY”. Helicity plays an important role in
much that follows in the course...

100/ 563



H2

Helicity

@ The component of a particles spin along its direction of flight is a good quantum
number (unless you overtake the particle) because [H, S.5] = 0. The same would be
true even if S or 5 were scaled by (possibly different) constants.

@ This motivates defining the helicity operator h by:

h=tp=z (L) J 4
RN -
because with this definition:
1 the helicity of a particle will be independent of boosts along that particle’s
momentum direction (unless you overtake the particle!), and
2 the helicity values will be +1 or -1 for Dirac fermions. [We have already seen that
Dirac fermions are spin—% and that the S, operator measures this if the particle is
moving in the z-direction. Since ¥ = 25 the allowed values of helicity will be £1.]

o Conventionally, h = +1 and h = —1 are often referred to as follows:
7 7
h=+1 h=-1
“right-handed” “left-handed”

@ These are right and left handed HELICITY eigenstates. In Handout 4 we will discuss
right and left handed CHIRAL eigenstates. Only in the limit v & ¢ are the HELICITY
eigenstates the same as the CHIRAL eigenstates. Do not confuse them!
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Helicity Eigenstates: {uy, uy, vq, v }. |

@ The basis spinors we already found {u1, tn, v, v2} were nice in that
C(u, u) = (v1, v2). However, the difference between u; and uy was physically
meaningless. It was set only by an arbitrary choice of two linearly independent vectors
Ay =(1,0)" or (0,1)" on page 84.

@ We wish to remove that arbitrariness by finding a better spinor basis {ur, uy, v¢, v, }
whose elements are all eigenstates of the helicity operator, e.g.:

(Z.p)ur = +ur and
(Z.p)uy = —uy.
e (d-p 0. : G-p 0 :
@ Since X -p= 0 ., » | is proportional to 0 B and since all of the
o-p :

‘chunked’ spinor-halves on page 84 are already proportional to some power of (& - p)
we can find the new basis we seek ({uy, uy, vy, vy }) by replacing the arbitrary choices
for A+ or B_ (namely (1,0)7 or (0,1)7) with the eigenvectors of the (2 x 2)-matrix

(7 p)
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Helicity Eigenstates: {uy, uy, vq, v }. |l

o If the momentum p points in the (6, ¢) direction in the usual spherical polar
coordinates:

—

p = |p| (sin @ cos ¢, sin O sin ¢, cos 6)

then
-5 1 P- Px — "py)
o.p = = .
P 1P (Px =+ Ipy —Pz
cos 6§ sin @ cos ¢ — isin @ sin ¢
sinfcos¢ + isinfsin ¢ —cos @
_ cosf  sinfe ?
o sinfe® —cos® /-
o The eigenvectors of this last matrix (normalised such that (&,)1&, = (€.)Te_ =1)
are:

g — [ cos Q and e - (= sin g
e sm 7 \e?cos
which may be verified (test your memory of trig identities!) by checking that:

A

(3.p) & =+&  and (GP)E =—¢..
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Helicity Eigenstates: {uy, uy, vq, v }. I

Accordingly, we augment/replace our previous definition from page 81 ...

(o) (5) £ (3) 2 (o)
0 1 E+m \ 1 Eim 0
wm=N s (1 , =N a5 (0 ,vi=N 0 , =N 1
Erm \ 0 E+m \ 1 1 0

. with the following new definition (also relativistically normalised with N = /E + m):

A e P g 2B g
UT:N<§‘.F‘,‘€)7 U¢=N(3.ﬁé.>, VT=N<E+’"é,>7 V¢=N(E+mg+

E+m St E+m

which looks as follows if everything (except the N prefactor, due to lack of spacel!) is
written out in full:

Q g Q |7l 9 1Pl 0
’d’sm— e""cosg 1Bl i Bl nid iy O
b 2 —g-e cos & go-e'?sin §
up o 15l cosg LUy o el Sin £ ,Vp X p , V) X 0
B i 2 0 B "o N2 b2
Pl oit gin @ Al o i} 2] i® in &
go-e'sin § —go-e'? cos § g e'? cos & e'? sin
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Helicity Eigenstates: {uy, uy, vy, v }. IV

Aside: for the reasons already given on page 93, the desired (physical) helicity eigenvalues
will only be found for the anti-particle helicity states v+ and v, if they are evaluated using
h") = —h rather than h. In other words, the arrows only make sense as follows:

/AwT = +uy, hu; = —u, yet h(v)vT =+v, Ay, = —v.
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Summary of Helicity Eigenstates of the Dirac Equation:

@ The particle and anti-particle helicity eigenstates states are:

ic;os_ (%()9 ) 1_(1) sin ((%9))
e'?sin (3 e’ cos (=
ur =N B 2 u =N TR
N ey | Y| ()
zrm®? sin () — ¢ cos (3)
I‘ilé‘zlm SIH (g) 0 é?% Ccos (gg
V1 =N _Eilne‘l(pE:g;(f) V| =N Eimeup(szn) 7)
—sin (3 cos (7%
e cos (%) €9 sin (Q)
particles anti-particles
MT’ I/tl VT’ Vl
h=+1 4 h=—1 %:4—1 %:—1

@ For all four states, normalising to 2E-per-unit-vol still needs N = +E + m. These
helicity eigenstates will be used extensively in the calculations that follow.
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Intrinsic Parity of Dirac Particles |
Before leaving the Dirac equation, consider parity. The parity operation is defined as

spatial inversion through the origin:
X=—x y=-y, Z=-z; t'=t (44)
Consider a Dirac spinor, 9(x,y, z, t), which satisfies the Dirac equation
. 00

. 10Y 20 30
1
g ¥ g, T g, —mb=—i"G.
Pre-multiplying (45) by ~° and making the unprimed to primed substitutions defined in

(44) then results in:
L 010Y Lo 0 -0351/J7 o, _ _.000¢
Y e T g T myY = =iy o
0n° . 007
1979 207%y 37¢ =% = —in® gt}ﬂ

- 7y Ix’ +’7 Ay’ + 1y 2’
109 20¢’ 30¢ P o0y
£ /’ya,—i—'ya,—i—’yaz/ w_l’yat/ (46)

provided that in the last line we have introduced a new quantity ©’(x’, y’, z’, t') defined by

(X, y, 2 ) = "P(x,y, 2, t).
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Intrinsic Parity of Dirac Particles Il

Equations (45) and (46) are identical except that one is written with primed quantities
and one without. Thus:

@ We have found that the parity operator P which transforms spinors to their
parity-conjugates must take the form: P = \+° for some A.

o If we further wish to have (/S)2 =1 we are constrained to take A = £1. Either would
work, but the most common convention in the literature is:

P ="

@ A basis for the spinors of stationary particles and anti-particles can be obtained from
the p'— 0 limit of the spinors on page 84 and yields:

1 0 0 0 1 0 O 0
_|o 1 10 10 Alsor 0 — 01 o0 0
B lo 2T o T )T (o 77 lo o -1 0
0 0 0 1 0 0 0 -1

and so in this convention fermions (u; and wy) have positive parity and anti-fermions

(v1 and v») have negative parity when at rest.

o If we had used P = —~° then the parities for both would have reversed, but it would
still be the case that fermions and anti-fermions have opposite parity. We will
use this fact when we come to discuss mesons much later in the course.
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Summary (1 or 2)

@ The formulation of relativistic quantum mechanics starting from the linear Dirac
equation

1/}

— (@F+Bm)y = iy

implied new degrees of freedom which were found to describe spin—% particles and
spin-% anti-particles.

@ In terms of (4 x 4) gamma-matrices the Dirac Equation was written:
(i7" 0y — m) = 0.

@ We introduced a four-vector current and an adjoint spinor:

7 =T = Pt
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Summary (2 of 2)

@ A useful helicity-ordered basis for particle and anti-particle spinors {us, uy, vy, vy} was
summarised on page 106.

MT’ ul VT’ Vl
h=+1 %:—1 h=+1 2 h=—1

@ In terms of 4-component spinors, the charge conjugation and parity operations were
found (in our representation of the gamma-matrices) to be:

b= Cop = iyt

A 0
b Py ="
@ Now that we have all we need to know about a relativistic description of the particles
we scatter off each other, we can go on to discuss particle interactions and QED next!
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Appendix Ill: Dimensions of the Dirac Matrices |

In a d-dimensional spacetime there will always be d gamma matrices, as one is associated
with each spacetime derivative in the Hamiltonian. That is why in 4-dimensional
spacetime we have four gamma matrices: 7o, y1, 72 and 3.

But why does d = 4 force those matrices to be (4 x 4)-matrices ?

Rather than answer the above question, we instead state (and later prove) the more
general result (47) linking the (n X n) size of gamma matrices to the number d of
spacetime dimension with which they are associated:

The result (47) is a direct consequence of the gamma matrices having to satisfy (as we
already saw in (27)) the defining property of a (so called) ‘Clifford Algebra’, namely that:

Y+ = 28" Lo (48)

Warning: the proof we provide for the above statement relies on Schur's Lemma. This may be a source of
dissatisfaction for some persons taking the course because Schur’s Lemma, although stated in the Groups and
Representations section of the Part IB Mathematics course within Natural Sciences Tripos, was stated in that

coure without proof. If you find that annoying, you will have to find an alternative proof.
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Appendix Ill: Dimensions of the Dirac Matrices Il

Aside on size of Pauli matrices:

Although we are mainly interested in proving (47) to substantiate the claim that each *
is a (4 X 4)-matrix, we note that the same result can be used to explain why the Pauli
matrices are (2 X 2)-matrices. The reason is that the three (d = 3) Pauli matrices satisfy
their own equivalent of (48), namely: o;0; 4 0jo; = 20;;. Hence n = 213/2) = 2! =2,

We wish to prove the result stated in (47) is the relationship between the dimension d of
spacetime and the dimension n of the (irreducible) (n x n) irreducible matrices v,
satisfying (48) with u,v =0,1,--- ,d — 1. Conveniently, the relationship (47) between n
and d which we seek to prove does not depend on the signature of the metric since it is
possible to convert a representation designed for one signature (say

guv = diag(+, —, —, —)) to another (say g, = diag(+, +, +, +)) without changing n by
multiplying appropriate y-matrices by i = /—1.

Therefore, without loss of generality, we actually take as our start point the simplest
possibility, namely:

YuYv + YoV = 2(;;1,1/ . 1n><n~ (49)

We nonetheless demand that the ~-matrices are irreducible — i.e. that there is not a
similarity transformation that would reduce them all to a (non-trivial) block diagonal form.
We start by noting that with those assumptions:
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Appendix Ill: Dimensions of the Dirac Matrices Il

e Every +* is invertible. [To prove this simply set u = v in (49) and take the
determinant of both sides.]

o For the matrix v* = 7%+!...~9~! we have
Yt = (1) T (50)

[Proof: When v* commutes with v* it must pass d — 1 dissimilar y-matrices and a
single ‘identical’ y-matrix. Given (49) there are therefore d — 1 anti-commutations
and a single commutation. [J]

o The matrix v* = 1%+ ... 497! squares to either +1 or -1 depending on d. [Proof:
it takes (d — 1)d flips of adjacent pairs to reverse the order of d objects, and since
all the y-matrices in v* are dissimilar and thus anti-commute we can deduce that

Nt = 7071 » .,yd—l _ (_1)%(d—1)d . ,yd—l o ,ylfyO

113 /563



H2

Appendix Ill: Dimensions of the Dirac Matrices IV

and so

in which s(d) = (—1)2(~19 is a d-dependent sign in {+1,—1}]

e If d > 1 then n must be even. [To prove this, consider p # v (which requires
d > 1) in (49). In this case (49) becomes v#~" = —~"~" which implies that
det{y*}det{y"} = (—1)" det{~"} det{+*} which (since every v* is invertible)
implies that 1 = (—1)" and thus that n is even. |
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Appendix Ill: Dimensions of the Dirac Matrices V

@ Theorem A: Any product of any number of y-matrices may (up to a sign) be
written as a product of at most d gamma matrices in strictly ascending order of
their indices. [This is because (49) states that dissimilar y-matrices anti-commute,
and that individual ~-matrices square to 1'. Therefore, an arbitrary product of
~-matrices can always have its y-matrices permuted into numerical order (with a sign
change if an odd number of permutations is required) leaving at most one copy of
each ~-matrix as repeats will disappear (up to a sign) on account of the squaring
property.]

The last result above motivates the following definition.

Definition

If A'is any integer whose binary representation modulo 29is A i.e. if (A
mod 27) = >"% ' A; - 2 with each A; € {0,1}, then define I'a by

d—1 oA
rA:H{Z’ 'fA’_l}. (52)

e otherwise

For example, this definition would make 13 = o723 since
13=1-240-2+1-2241-2%
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Appendix Ill: Dimensions of the Dirac Matrices VI

On account of the modulo 27 part of the definition, any continuous range of indices of
length 27 would suffice to include every such M-matrix. Without loss of generality will
always take indices A to be in the set

A:{1727 72d}7

and mapped into that range, if necessary, by an implicit modulo 29 operation. We
therefore define a complete list, L, of -matrices as follows:

L:(r1,r2,...,r2d):(rA|A€.A). (53)

Note that although we have defined 2d quantities I4 in the list L we have not shown that
they are all unique. In other words, we cannot assume ‘(A # B) = (Fa #g)’ or
‘(TA=Tg) = (A= B)' unless later proved.

We now state and prove two important properties of the '-matrices:
The most general form of this Lemma is

n if A=0 mod 2"
Tr[Fa] =<0 if (A#0 mod 2") and (d is even or 27:1 Ai is even) (54)
Tr[la] otherwise.
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Appendix Ill: Dimensions of the Dirac Matrices VII

Alternatively, a narrower form could be stated as follows

n ifA=0 mod?2"

. (55)
0 otherwise.

When d is even: Tr[la] = {

The trace of Iy is always trivially n as g = 1,xn,. Every other I'4 is the product of one or
more dissimilar y-matrices. We split the remainder of the proof into two parts: part (i)
shows that traces of products are zero where the remaining products contain an even
number of vy-matrices, while part (ii) shows the same for products containing any odd
number of ~-matrices. Note the subtle differences between these two parts of of the proof:
the first needs to assume that the multiplied gammas are distinct but does not need to
worry about whether d is even or odd. In contrast the second does not care about
distinctness in the gammas but needs to assume that d is even. If k is an integer
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Appendix Ill: Dimensions of the Dirac Matrices VIII

greater than zero, and if a1, as, ..., ax are k distinct integers in [0,d — 1] and if
T=Tr [781732 Tt ’yak—l’yak] then
T="Tr [’731732 T 'Yak,l'yak]
= (=1 Tr[va Yo Voo -+ Vo)
(after k — 1 anti-commutations using (49) and k > 0)
G A 1 N R A (trace cyclicity)
(-1 T

therefore:

“The trace of the product of an even number of distinct y-matrices ...

...is zero provided the even number is greater than or equal to two". (56)
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Appendix Ill: Dimensions of the Dirac Matrices IX

If k is an integer greater than zero, and if a1, a2, ..., ax are k integers in [0,d — 1] and
if T=Tr [fyal'yaQ = ~fyak71’yak] then

T="Tr [’731782 o 'ryak—lfyak]

= s(d)- T =Tr[(v'Y e Ve - Vo1V (by (51))
= s(d)- T=Tr[Y"va % Yo YoV (trace cyclicity)
= S(d) T=(-1)" T [V Y Yok Var Va2 -+ * Yax1) (after k uses of (50))
== = (-1 Ty [Yax Vo1 Vaz -+ * Va1 ) (by (51) again)
= = ()T
therefore:

“when d is even, the trace of the product of an odd number of y-matrices is zero”. (57)
This concludes our proof of Lemma 1. [J

FAI'B = S(A, B) . I'A@B (58)

119/ 563



H2

Appendix Ill: Dimensions of the Dirac Matrices X

in which ‘@' represents ‘BITWISE EXCLUSIVE OR’ and s(A, B) is a function mapping pairs
of indices to the set {+1,—1}.

d—1 . d—1 .
vi ifA =1 vi ifBi=1
Malg =
Ae H {1 otherwise} H {1 otherwise

i=0 i=0

d—1 . .
:Sl(A,B)H vi ifA =1 vi ifBi=1
P 1 otherwise 1 otherwise
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Appendix Ill: Dimensions of the Dirac Matrices X

where s1(A, B) € {+1, —1} is a sign which will depend on how many anti-commutations
deriving from (49) were needed to re-order the matrices, and so
a1 [(v)? ifA=B=1
Fars=s(AB)[[{v ifAeB=1
=011 otherwise

i1 [gi (nosumi) ifA =B =1

= s(A,B) i if Ai@B; =1 p (by (49))
i=0 11 otherwise
o1 [1 ifA=B=1

:S(A,B) Yi ifA®B =1

1 otherwise

Il
<}
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Appendix Ill: Dimensions of the Dirac Matrices Xl|

where s(A, B) is a new sign function that accounts for our having replaced g with 1, and
so

d—1 .
; ifA®B =1
rale =s(A,B) [] {Z TAD }

P otherwise

= S(A, B)FA@B .

A corollary of (58) is that every I-matrix is invertible. [Proof: setting B equal to A in (58)
tells us that (I'4)*> = s(A, A) - To = s(A, A) - 1yxn = £1nx, and so

(Fa)~"is either T4 or —T 4. (59)

]

Perhaps we can do better. Suppose A has a ones in its binary representation

(ie. a= 272_01 A; so that 4 is a product of a gamma matrices in ascending order of
index). If we then square ['4 we could attempt to permute adjacent gamma matrices
within the product so as to annihilate every identical pairing, leaving behind only a sign.
This process would require a — 1 anticommutations to annihilate the first pair, a — 2 the
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Appendix Ill: Dimensions of the Dirac Matrices XllII

second, etc, and none for the last. This is a total of (a — 1)a anticommutations, and so
we can make the very specific claim that

(Fa)? = (—1)2622 (60)
or equivalently
(Fa)H = (-1 T (61)

Indeed, we see that the already derived result (51) could be viewed with hindsight as a
simple corollary of (60).
Knowing that the -matrices are all invertible we may define a matrix S as follows:

S = Z(rx)—l CY Ty (62)

XeA
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Appendix Ill: Dimensions of the Dirac Matrices XIV

where Y is an arbitrary (n x n)-matrix whose value we will fix later. It is follows that for
any integer A (not summed) in the usual range A:

(Fa) 1 S-Ta= Y (TxMa) - Y- (TxTa)
XeA

= Z(erA@x)71 -Y - (SXFA@X) (using (58))
XecA

= (Maex)™" Y- (Taax)

XeA

= > (M) y-(x)

XEABA
:Z(rx)71~y-(rx) (since A A={A® B,Bec A} = A)
XA

=S5

and thus S-Ta=T4-S.

Having found a matrix S which commutes with every element 4 of a list L of matrices,
one might hope to use Schur’s Lemma to claim that S is some multiple of 1,x,. However,
a precondition of the only version of Schur’'s Lemma which | understand and which also
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Appendix Ill: Dimensions of the Dirac Matrices XV

allows that conclusion to be drawn requires the elements of L to form an irreducible
representation of some group G. Not only have we not yet shown that this precondition is
satisfied, it actually looks likely to be false! For example, for the usual y-matrices in d = 4
dimensions we would have 12 = 172 = — 7271 = —I2['1 and so for L to be closed under
multiplication it would need to contain both +I>; and —I2[1. This seems unlikely as we
did not set up L to contain negated copies of every element. It therefore seems unlikely
that L is closed under multiplication and so it seems unlikely that L represents a group.

It could be argued that the source of the problem is the annoying sign s(A, B) in (58). If
that pesky sign were not there and the constant ‘41" were always in its place, products of
[-matrices would be closed. We cannot arbitrarily dispose of that pesky sign, but it does
suggest a resolution: we could double the length of our list L by adding to it another copy
of itself but with the sign of every matrix reversed in the second half. The elements of this
list will then be closed under multiplication, which is would be a requirement for them to
be any kind of representation. We shall call the set containing all those elements G:

G={4Ta|Ac A} U{-Ta|Ac A} (63)

This set of matrices is: (i) closed under multiplication, (ii) contains the identit [,a = 1nxn,
(iii) contains an inverse for every element (see proof in (59)). Finally (iv) matrix
multiplication is associative. Therefore G together with the operation of matrix
multiplication forms a group. As it is a finite matrix group it is also representation of
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Appendix Ill: Dimensions of the Dirac Matrices XVI

itself. This representation must be irreducible since the representation contains elements
which are copies of the original v-matrices (e.g. 1 =0, T2 =71, ... ¢ = 4), and those
original y-matrices were taken to be be irreducible at the outset by assumption (see
paragraph containing (49)). Although we have increased the number of elements in G
relative to L, we can be sure that our old S will commute with every element of the new G
because

([S,+Ta]l =0) < ([S,-Ta] =0).

We have thus established all the preconditions necessary to allow us to use Schur's Lemma
to state that S is a multiple of the identity, or more specifically:

A loxn = Z(FA)_l <Y rA (64)

XeA
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Appendix Ill: Dimensions of the Dirac Matrices XVII

for some scalar A that will depend on Y. Taking the trace of both sides of (64) and using
the cyclicity of the trace gives us:

A= T[T YT

XecA

=Y Ty rara)

XecA

:ZTrY

XeA
=2¢.Try

and thus
A= - TrY. (65)

Putting this value for A back into (64) yields
od

-1
7~TrY-1,,X,,:Z(FA) Y -Ta. (66)
XeA
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Appendix Ill: Dimensions of the Dirac Matrices XVIII

We now exercise our remaining freedom to choose Y to be any (n x n)-matrix we wish,
deciding to let
[Y15 = disdje

where s and t are integers in [1, n] which we may choose to fix later. With that choice in
mind, and with i and j being other arbitrary integers also in [1, n], (66) can be expanded
as:

29 _
|:n-TI’Y'1n><n:|ij: [Z(FA) Loy T,

XeA

i

or equivalently

24 _
7 . (6ms5mt) . 51] - Z ((rA) 1)im : (6m56nt) . (rA)nj
XeA
which simplifies to
24 1
O Oy = D ((Ta)™is - (Ta)y- (67)
XeA
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Appendix Ill: Dimensions of the Dirac Matrices XIX

Since (67) is true for any i,j,s,t in [1, n], let us set s — i and t — j and then sum over |
and j. Making use of the summation convention over i/ and j we find that:

2¢ -
00 = D)™ (Ta);
AcA
which simplifies to

% o= Te[(Ta) ] T4

AcA

or

27 = 3" Te[(ra) ] TrAlL (68)

AcA
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Appendix Ill: Dimensions of the Dirac Matrices XX

For the case that d is even we may now use (55) to simplify (68) to
29 = Te (o) ] - TrIro]

= Te[ (L) ] L]
= Tr[lnxn] - Tr[1nxn]
2
=n-n=n
= n =292 (but only for d even!). (69)
This is a bit of a trick. One may always generate an irreducible representation of the

gamma matrices for an odd spacetime dimension d + 1 from an irreducible representation
valid for an even number of spacetime dimensions d. The way to do this is surprisingly

simple: if
o1 d—1
{'Y A AEEERE }
is an irrep of (49) for an even number of spacetime dimensions d, and if we define

* _ 0.1 d—1
Y=
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and if we recall the definition of s(d) from (51), then

{1 T U@ ) (70)

will be an irrep of (49) valid for dimension d + 1 spacetime dimensions. That (70) is the
irrep it is claimed to be is a consequence of three things: (i) v* was proved in (50) to
anticommute with all the other gamma matrices when d is even and this
anti-commutation is the property enforced/required by (49) whenever p # v, (ii) that
v/s(d)y* squares to 1 was proved in (51), and this is the property enforced/required by
(49) whenever = v, and (iii) the representation (70) is an irrep as the first d gammas
formed an irrep by themselves (i.e. as there was no transformation which could ‘reduce’
them, there cannot be an irrep that could ‘reduce’ both then and v*). It may be observed
that this argument cannot be used to grow irreps without limit, since once an irrep for
even d is grown to an irrep for odd d, the ‘next’ v* would fail to anticommute as desired.
Nonetheless, the clear message is that the dimension of the gamma matrices for odd
spacetime dimension d is always the same as the even dimension d — 1, and so (69) now
informs us that

n=2"Y/2 " (but only when d is odd!). (71)
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There result (69) for even d can be merged with the result (71) for odd d into a single
expression valid for any d:

24/2 (when d is even)
n=
20d=D/2 (when d is odd)

= n = 2L/ (for any d). (72)

This concludes the proof of (47) which is also a proof of the lesser claim that Dirac
Spinors have four components in the usual 4-dimensional spacetime.
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@ In the part Il Relativity and Electrodynamics course it was shown that the motion of a

-

charged particle in an electromagnetic field A* = (¢, A) can be obtained by making

the minimal substitution p— g —qgA;, E — E —q¢
@ Applying this to the equations in (??)

(3.5 —q3.Aus = (E—m—qo)ua

(75— qFAua = (E+m—qd)us
Multiplying (73) by (E + m — q¢)

(3.6 —qi.Aug = (E—m—qd)ua

(75— qFAua = (E+m—qd)us

where kinetic energy T = E — m

@ In the non-relativistic limit T < m (74) becomes

—_~
Qu
i
I
Q
Q
LB
B
Ty
I
Q
Qu
>
N
=
>
2

Q

(5.6 — a(7.4)(3.5) — 4(5.5)(7.A) + ¢ (7.A) | ua

2m(T — q¢)ua
2m(T — q¢)ua (75)

(73)

(74)
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> ([ A A-iA\ .z ([ B B, —iB,\ _
o Now 7.A = iA, A, > ; d.B= (BX +iB, B, ) ; which leads
B+ ig.(AAB)

to (7.A)(¢.B)
and (7.A)? = |A]?
@ The operator on the LHS of (75):

I
—~
<

|
Q9

>
=
N
|
)
Qi

(F— qA)* — q3.B (since B=V

Substituting back into (75) gives the Schrédinger-Pauli equation for the motion of a
non-relativisitic spin 3 particle in an EM field:

1 . - L=
%(p — qA)2 — %O‘.B + qo| ua = Tua.
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1 . - L=
[ﬂ(p — gAY - SL5.B+ q¢] ua = Tug

—

@ Since the energy of a magnetic moment in a field is we can identify the intrinsic
magnetic moment of a spin 3 particle to be:

S 9
r= 2m’
In terms of the spin: S = ic

L gz
=—=S5

H=m

o Classically, for a charged particle current loop
q —
=—1L

’ 2m

@ The intrinsic magnetic moment of a spin half Dirac particle is twice that expected
from classical physics. This is often expressed in terms of the gyromagnetic ratio is
g=2.
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It will shortly be seen that the quantities
(MQ’B)W =g’ —g"g"” (76)
or the equivalent (but less symmetric) quantities
(MY, = g"*5) — 57" (77)
are generators of Lorentz Transformations. The indices o choose between generators

M8 while #, in (M®P)*, are there to act on vector indices. Evident antisymmetry in the
af of (76) means that there are only six independent non-zero generators. Suppressing
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the vector indices (taken to be *,) and taking g"¥ = diag(+, —, —, —) the six independent
generators are:

0100
a0l a0 |1 0 0 0
Ki=M"==M"=15 0 0 o
00 00
00 10
a2 a0 |0 0 00
Ko=M"==M"=11 0 0 o0
0000
000 1
a0 a0 |0 0 0 0
K3—M—M—0000
1 000
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and
0 0 O 0
B _ _a32_ |0 0 0 0
h=M"==M"=10 0 0o -1
0 0 +1
0O 0 0 O
a3t a3 |00 0 +1
Lh=M"==M"=14s o o o
0 -1 0 O
0 O 0 O
o 12 pg21 0 0 —1 0
S=MT==M"=14s 11 0o o
0 O 0 O
or, for short:
J,‘—%E,'jkl\/ljk
Ki = MY,
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[Aside: The generators obey commutation relations
Ui, 4] = €k, Ui, Ki] = €Ki, [Ki, Kj] = —€ijk k.

The first of these says that the J's generate rotations in three-dimensional space and fixes
the overall sign of the Js. The second says the K's transform as a vector under rotations.
End of aside]

With above definition® one could represent and arbitrary Lorentz transformation (boost,
rotation or both) as

!
X" = A XY

with
N = (e [gww(wﬁ)'.])”y (78)
= 8+ Jwas(M)", + O(?) (79)

using a set of parameters w,g which may as well be antisymmetric in af (since any
symmetric part would not participate in (79) on account of the (a <+ ()-antisymmetry of
M"‘B) and so contain six independent degrees of freedom (controlling three boosts and
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three rotations) as required. In most of the proofs which follow we use the infinitesimal
transformations to first order in w since if some properties can be proved for infinitesimal
transformations then it is always be possible to generalise that result to the exponential
form for a finite transformation.

LCompare to similar but slightly different sign/index conventions in
http://www.phys.ufl.edu/~fry/6607/lorentz.pdf.
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Lorentz transformations should be continuously connected to the identity (which (79) is,
when wqs = 0) and should preserve inner products. The transformation in Eq. (79)
preserves inner products because:

w Iv

x' y = 8uwX' Yy
:gw(/\ oX )(AVTyT)

1 1 ;
= 8guv(ds + Ewaﬁ(Maﬁ)“a)(& + *waB(M"B)"T)X”yT +O(w)?

1

Gor + 5 (waﬂ(MaB)Ta +ws3(M ) y'+ O(wz)
1 e aﬁ o T 2 H
Zor + > (waﬁ(/\/] Yro + was(M ) x7y" + O(w) relabelling

x7y" + O(w?) antisymmetry of M

1 o o
= g07+§(wo¢6(M B) _UJBMBTU

gJTXoyT + O(w2)
x -y + O(W?).
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If the above argument seems too abstract, a more concrete way of checking that we have
generators of Lorentz transformations might instead be to compute

coshn sinhp 0 O
sinh cosh 0 O
expf{mk)}r = |07 T 1 . (80)

0 0 01

as this will be recognised by some as a boost in the positive x-direction with rapidity n
(that is with coshn =~ and sinhn = 8~) while

0 0 0
1 0 0
0 cosf —sinf
0 sinf cosf

exp{(04)} = (81)

O OO

will be recognised by most as a rotation by an angle 6 about the x-axis.
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If the Dirac Equation:
iy Ou = my (82)

is to be Lorentz covariant, there would have to exist a matrix S(A) such that ¢’ = S(A)y
is the solution of the Lorentz transformed Dirac Equation

Ol = m. (83)
Equation (83) implies
70" = (84)
and so
", 8" S(N)Y = mS(A)y (85)

and so since S(A) is independent of position
TuS(NN*, 0" = S(N)mip (86)
which using (82) becomes
Y S(NN', 0" = S(N)iv" O
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and hence
iV S(N)N,"Bu1p = S(N)in” O,
or
i [V S(NA,” = S(A)Y"] 8uep = 0. (87)
Therefore, if we can show that there exists a matrix S(A) satisfying
SN, = S(A)Y” (88)

we will have found a solution to (87) and thus will have found that the Dirac Equation is
Lorentz covariant as desired. Thought it would be entirely possible to work directly with
(88) it is perhaps nicer to bring both S matrices to the left hand side

STHAW SN, ="
and then use the identity

NN, =67 (89)
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so that (88) ends up being written in the more common and (perhaps) more suggestive
and useful form:

STHAYTS(A) = A7, (90)
[Aside: Here is (for infinitesimal Lorentz transformations) a proof of the identity (89):
NN = (27 4 naM), ) (& + Jeas(M™)7, ) + 0()
= 67+ 3 [was (M), + wag(M™)7,] + O(?)
=4, + % [o.)ag(l\ﬂ&ﬁ)ﬂcr —|—wa5(Ma6)GM] + 0(w?) (relabelling)

o 1 (o3 o «@ o ..
=0+ SWap [(M )7+ (M) ,L] + 0(w?) (factorising)

o 1 (e TO « oT . .
= 07 + Swas [(M*)7 4+ (M**)77| gur + O(?)  (tidying)

=60+ %wag [(Mo‘ﬁ)”’ — (MD‘B)W} gur + O(w?) (antisymmetry of M)
= &7 + O(w?).
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End of aside]

A valid choice of S(A) (for an infinitesimal Lorentz transformation) is given by:

1
S(A) =1+ Zwa[g’ya’y + O(w?). (91)
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_ - 1 o & 1 a B
YAy = (1- Zwasr™y’ |7 ZwagY™ Y w?
STHMYTS(N = (1-4 g 1+ 7) + o)

a B o

o 1 o a_f
=7 +Z(w5¢67 757’ — wapr vy )+O(w2)

o 1 g _ o « o
=7 +Zwaa(vvvﬁ—7 v57)+0(w2)
_ o l o _« a_oy\_ B ar o B o O 2
=77+ qwas (77" £ 0" =77 (777" +9797) ) + O(w)

o 1 o «@ o H v 14
=77+ JWas (2g v’ -2 B) +0(w?)  since {y",7"} = 2g"
{ed 1 feged @ (eg 4
= (6u+7wa5 (g o8 —scg ﬂ))v + 0(w?)
2
= (65 + %walg(M“ﬁ)”V) 7" + O(w?) using (77)

=N 7 + O(wz) using (79).

=y
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[Aside: Since v*7” = 1{+*,7"} + 1[v*,7"] we can also rewrite (91) in the more
frequently seen (conventional) form:

1 a
S(A) =1+ gwasly™,7"] + O(w”). (92)
End of aside]
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Each of the expressions ¢1, ¢y*“1p and ¢y v 1) is of the form ¢y y” ---~y71). To
understand how any of them is affected by a Lorentz transformation it is therefore
interesting to consider the following set of manipulations:?

G AT = (SN - ATI(S (M)

=¢'ST (MY S(NSTHAWS(A) - - STHAWTIS(N)Y

= 6'ST(MYS(N(ST (MY S(N)(STHAWS(A)) -+ (ST (AT S(A))e:

= ¢'ST(MY SN )N 577) -+ (N A7) using (90)
which itself suggests that if we can show that

ST (MA°S(N) =" (93)
then we will have proved that
G AT = SN )N YT (N AN

which will itself have showed that each of the expressions under consideration transforms
like a tensor of the appropriate rank.
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We must therefore prove (93). To do so is a two-stage process. First we compute ST(A).
Then we combine it with v°S(A). Starting with (91):

sl =[1+ iwam“vﬁr +0(?)
=14 J0as(1°7") + 0(?)  (wap are real)
= 1+ w0s(1") (1) + 0(?)
=1+ %waﬁ(vovﬁvo)(vovavo) + O(w?)

1 o
=1+ Zwamovﬁw 7’ + O(w?) (94)
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from which we can deduce (using (91)) that
1 « 1 a_p
ST (A'S(A) = (1 + was?™ "y 7°> 7’ (1 + JWap 75) +O(w?)

a 0.0

1 -
="+ (wamov 7Y + wa 57’y 73) + O(w?)

=7 [1+0]¢ + O(«?) (wap = —wpa)
=1+ 0(w?)
verifying (93) as required. This completes our proof that:
@ ¢ is Lorentz invariant scalar,

o ¢y*1p transforms as a Lorentz vector, and

o ¢y 4 1 transforms as a second-rank tensor, etc.

2These manipulations may look complex but they really only consist of inserting lots of ‘ones’ in form
‘S(A)STY(A)" at the right places, using ¢ = ¢T~° and using (90) many times.
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