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Appendix XVIII: Determination of the CKM Matrix

@ The experimental determination of the CKM matrix elements comes mainly from
measurements of leptonic decays (the leptonic part is well understood).

@ It is easy to produce/observe meson decays, however theoretical uncertainties
associated with the decays of bound states often limits the precision

@ Contrast this with the measurements of the PMNS matrix, where there are few
theoretical uncertainties and the experimental difficulties in dealing with neutrinos
limits the precision.

xX ..
QO ||Vudl |from nuclear beta decay ( . )
Vv _ Super-allowed 0*—0* beta decays are
ud Ve relatively free from theoretical uncertainties

[ o< [Vl

e
[[Via] = 0.97377£0.00027| (= cos6,)




(2] |Vus| |from semi-leptonic kaon decays | ( X )

u
u u 7 o |Vus|2
K™ s Vi _
e [[Vis| = 0.2257£0.0021|  (~sin6,)
o
[ 3) |from neutrino scattering | Vy+N— /.L+[,1_X (x )

Look for opposite charge di-muon events in Vy scattering from production and
decay ofa D" (cd) meson 5 . N
Rate o< |Vq|*Br(D* — Xu*v)
H—/

Measured in various
collider experiments

—(—\ = [|Via| = 0.230£0.011]

opposite sign
py pair
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| from semi-leptonic charmed meson decays |

X
ed. L o T o< [V ( - )
D+ va//s *Precision limited by theoretical uncertainties
C (&)
" [[Ves| = 0.957+0.017£0.093 |
N ——
et | experimental error | | theory uncertainty |
© |IVal

| from semi-leptonic B hadron decays | ( . )
)
e.g. = D0 .
_ u C J =S ‘Vcb‘Z
B b Veb v

e

e

[[Ves| = 0.0416 £ 0.0006 |

(6] |Vub| |from semi-leptonic B hadron decays | ae X
eg. L o L
B Lli Vb . L ’Vub’2

[[Vius| = 0.0043 £0.0003 |
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Appendix XIX: Particle-AntiParticle Mixing

-The wave-function for a single particle with lifetime 7 = 1/T evolves with time as:
w(t) _ Ne—rt/ze—th

which gives the appropriate exponential decay of

((t) | 9(2)) = (%(0) | ¥(0))e™ /"

-The wave-function satisfies the time-dependent wave equation:
Ao = (M= i) [o(0) = 75 o)

-For a bound state such as a K° the mass term includes the "mass”’ from the weak
interaction " potential” Hyeak

ol A . )<K° ‘I—Alweak j>‘2 Sum over
M = myo + <K ‘Hweak K > + Z T E < intermediate
J Mo = 5 states j

The third term is the 2nd order term in the perturbation expansion corresponding to box
diagrams resulting in K® —K°

505 / 608



H12

o The total decay rate is the sum over all possible decays K® — f

F:27r2’<f‘l-7weak
f

* Because there are also diagrams which allow K° <> K°  mixing need to consider the
time evolution of a mixed stated

2
KO>‘ pr <— Density of final states

P(t) = a(t)K® + b(t)K°
* The time dependent wave-equation of (Al) becomes
K°(t)) >

( M1 — %irn Mz — %iru ) ( ffo(t)> ) _.0 ( <
M21 — 5iF21 M22 — El'r22 Ko(t)> o Iat Ko(t)>

the diagonal terms are as before, and the off-diagonal terms are due to mixing.

‘<KO "‘:Iweak

K° ’
Ko>+zn: E— >‘

Ml]_ = Mmgo + <KO ”:Iweak

- I — M (A%
My, = Z (K| Hweak| /)" (| Hweak| K ) KO cV At - EO
! e =B 8 < hanl—<d
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-The off-diagonal decay terms include the effects of interference between decays to a
common final state

Mo =2m Z <f ‘I:Iweak
f

-In terms of the time dependent coefficients for the kaon states, (A3) becomes

] (3)-5(5)

where the Hamiltonian can be written:

.1 My Mo 1/ Tu T
H=M-/=-I= _ =
"2 ( M1 M2 ) 2 ( M1 T2 )

-Both the mass and decay matrices represent observable quantities and are Hermitian

) ]

R°> oF

My = My, Mo =My, M= M,
Mi="T1, Ta=T5 =03

-Furthermore, if CPT is conserved then the masses and decay rates of the K° and K° are
identical:

M1 = My = M; Mi=ln=r
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-Hence the time evolution of the system can be written:

M—%l‘r M12—%I.r12 a _I.g a
I\/Il*z—%il—]} M — 5il b )  ot\ b
@ To solve the coupled differential equations for a(t) and b(t), first find the eigenstates

of the Hamiltonian (the K; and Ks ) and then transform into this basis. The
eigenvalue equation is:

M—%ir Mlg—%irlz X1 - X1
My —1iry, M -—1iir x ) x2
-Which has non-trivial solutions for

IH—X|=0

= I\/I—ET—)\ 2— M*—ET* M —l'r =0
2’ 12 2’ 12 12 2’ 12 ) =

with eigenvalues
A=M-— %ir + \/(I\/Il*2 - %iri‘z) (Ml2 - %iﬁz)
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-The eigenstates can be obtained by substituting back into (A5)

(M—%ir)xl-i-(Mlg—%irlz) = ( —7Ir:t\/ 12 1F12 (Mlg—%irlg)) X1
X2 + My, — %’.rﬁ
X1 M12 — %irlz
* Define
Mz — Lirs
S it B LLE
Mz — 2iT12

@ Hence the normalised eigenstates are

1 1 1 0 =0
) = s () = o () #0[7)
VItmE\ £ V14 0P
* Note, in the limit where M2, 12 are real, the eigenstates correspond to the CP

eigenstates K; and K. Hence we can identify the general eigenstates as as the long and
short lived neutral kaons:

1) = s (JK7) 0] R)) 1K) = s () = [R))



Substituting these states back into (A2):
(1)) = a(e) [K*) + b(t) jk°>
= VItnP {a(t)(K + Ks) + ( )(K Ks )]
(4040 (- 80) 0

— @ [ac(t)KL + as(t)Ks]

with

b(t)

a(t) = a(t) + as(t) = a(t) — e

b(t)
n

o Now consider the time evolution of a,(t)

j0a _ ;0 i0b
ot ot not
* Which can be evaluated using (A4) for the time evolution of a(t) and b(t) :
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.0a 1 1 N
87; |: M—Elr12)a+ <M12—51r12> b:| -‘ra |:<M12—§IFIQ>3+ (M—*IF) b:|
= M—LF a—l—é + Mlz—llrlz b-f—l M{}—LFE a
2 n 2 n 2
1. 1 1
— (M— Elr) ar + (Mlz — 2/F12> b+ <\/<M{‘2 — 2/F12> (Mlz — :F12)> a
1 1 b
= (= gir) e (| (- 3is) (- ) ) (o 2)
1 . . 1,
=(M-— E/F ar + M12 2:F12 Mo §/F12 ar
1
= (mL - 5 FL) ar
* Hence

0 _ Lir
Iat =\ mL— 21 L] aL
with m; = M+ Re {\/(M;; —Lirp) (M — giru)}




* Following the same procedure obtain:

1925 _ (ms—Lirg)a
ot —\"™ T 2")

with ms = M — SR{\/(M{*Z — 3il%) (M2 — %ir12)}

and  Ts =T +23{y/(M5, - 3i5,) (Mo — 3i22) }
* In matrix notation we have
* Solving we obtain

ML — %ITL 0 ar _ iﬁ ar
0 Ms — 1iTs as ) 0t \ as

—impt—Tpt/2

—imgt—lgt/2

a(t) xe as(t) e

* Hence in terms of the Ky, and Kg basis the states propagate as independent particles
with definite masses and lifetimes (the mass eigenstates). The time evolution of the
neutral kaon system can be written

|d)(t)> — ALe—imLt—rLt/2 |KL> +Ase—im5t—r5t/2 ‘KS>

where A; and As are constants
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Appendix XX: CP Violation : 77 decays

* Consider the development of the K — K° system now including CP violation
* Repeat previous derivation using

1 1

|Ks) = \/TW [[Ki) +elkKa)] |KL) = \/TW

-Writing the CP eigenstates in terms of K°, K°

[[K2) + e |Ky)]

Ky = %ﬁ [+ ) 1K) + (1= 9)|R%)]
Ks) = [1+g 1Ko) — (1 —€) ‘K°>]

IW

@ Inverting these expressions obtain

o\ _ [1+4]e* 1 o\ _  [Jl+leP 1
K =5 s (KD +1Ks)  [R®) =/ =55 1= (1K) — |Ks)) |

-Hence a state that was produced as a K° evolves with time as:

w(e) = 25 @) 1k + 6s(0) 1K)

. . r
where as before 0s(t) = e_('mﬁii) and 0,(t) = e~ (o)t
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-If we are considering the decay rate to w7 need to express the wave-function in terms of
the CP eigenstates (remember we are neglecting CP violation in the decay)

() = % S 1K) + 2 1K) 0u(6) + (1K) + < K2)) 0s(1)]
- %ﬁ (05 + 00) |Ku) + (01 + c0s) | K2)]

CP Eigenstates

-Two pion decays occur with CP = +1 and therefore arise from decay of the CP = +1
kaon eigenstate, i.e. Ki

2

0 2 1 2
M (Ko = 7)o [(Ka | w(®))] 7’@ 105 + <01
e Since |e] < 1
1P 1 1
’1+6 At+e)(1+e) 1+ 2%R{c) (e}

o Now evaluate the s +£6,|>  term again using

|zt £ 2 = |z1)? + |2]* £ 2R (2125)



s
2 — t— — t— 71}
|0s + 0. = [e7™ T e

. r
—lst 2 It —imgt— £t tf—Lt
=e T Hle|fet +2Re{e imst=gt gretim }

-Writing ¢ = |e|e’®

0s +e0)? = e "' + |e[Pe Lt 4 2le|e (TsHTY2 Re {e"("’LfmS)tf‘b}

= e 'S' 4 [e]Pe " 4 20e|e STV cos(Am.t — )
-Putting this together we obtain:

r (KSZO N 7r7r) - %(1 — 2Re{e})Nyr [efrsf 1 lePe "t £ 2le|e TSIV cos(Am.t — ¢)]
Short lifetime
component

Ks — 7

CP violating long lifetime component KL|p
Interference term

-In exactly the same manner obtain for a beam which was produced as K°

B e



(K& = mn) = %(1 — 2Re{e}) Ny - [e[2e 10

i.e. CP violating K, — 7 decays _
% Since CPLEAR can identify whether a K® or K° was produced, able to measure

M (Ko — mm) and T (KXo — m)

T T T T T T T T T 2] F
e = CPLEAR data
107 N,
© E '-. 7r+7t7
E .
£ 10°F
5 E
2 z
< 5
E 10°¢
B
E 104E
T
103— " H41
0 F F tagged initial K "+ + ”{‘ t
K_y—nm N\ 102l
-6 Bt L 1 L L L
0 e s e 20 a2s 25 54 6 8 10 12 14 16 18 20
t/107"s Neutral-kaon decay time [tg]

* interference term |
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% The CPLEAR data shown previously can be used to measure € = |¢|e’® -Define the
. _ r(R?ZO*)Wﬂ')fr(KtO:UH‘IT‘IT)

asymmetry. A+_ - F(Ktozoﬁ‘rr‘rr)Jrr(K?:O*ﬂrTr)

-Using expressions on page 443

49‘{{5}[efr5t+|€|257rLt]—4\5\e7(rL+r5)t/2 cos(Am.t—¢)

A =
- 2[e st |e2e L]~ 8R{e}ele LTSI/ cos(Am.t — )
x |e]R{e} i.e. two small quantities
can safely be neglected
A - 2%{5}[e7r5t+\5\2eert]—2\5\67(&“—5)”2cos(Am4t—¢>)
+—- ~ efr5z+|5|2e7rL:
_om 2|ele”MLHTIY2 cos(Am.t — ¢)
- {5} - e Tst 4 |e2e—Tut
o0} — 2le|eTs=Mt/2 cos(Am.t — )

1+ |€‘2e(F5—FL)t
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0.5
04|
03|
02
0.1

Asymmetry Ai’g

-0.1
02
-0.3 g
~0.4 [
05k i i 1 p e by o T g oy
2 4 6 8 10 12 14 16 18 20
Neutral-kaon decay time [1]

Best fit to the data:
le| = (2.264 + 0.035) x 10>

¢ = (43.19+0.73)°

518 /608



H12

Appendix XXI: CP Violation via Mixing

o A full description of the SM origin of CP violation in the kaon system is beyond the
level of this course, nevertheless, the relation to the box diagrams is illustrated below

* The K-long and K-short wave-functions depend on 7

= g ()0 D) = g ()=l

Mz, — Lirs
with np=,/—2—2_1 f 12
Mo — 5il12

* If  Mij, = Mia; T, =T then the K-long and K-short correspond to the CP
eigenstates K; and K>

-CP violation is therefore associated with imaginary off-diagonal mass and decay elements
for the neutral kaon system

-Experimentally, CP violation is small and n =~ 1

H— _1-n __1—¢
—Deflne.sflﬂ = =1

519 /608



H12

- Consider the mixing term M, which arises from the sum over all possible intermediate
states in the mixing box diagrams

e.g.
Vcd tt:
4T
K cy At R
8« hannl < d
Ve Vi

@ In the Standard Model, CP violation is associated

with the imaginary components of the CKM matrix, and it can be shown that mixing leads
to CP violation with

le] oc T { M2}

-The differences in masses of the mass eigenstates can be shown to be:

G2

F 2 * *

Amk = mg, — mgg = E 3.2 fiemg ’qu Vs Vg d Vq/s} Mmgmg
a,q’

where g and g’ are the quarks in the loops and fx is a constant
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- In terms of the small parameter ¢

o= gt 00 ) va-ae)
1= 3 s [0-a ) s )

o If epsilon is non-zero we have CP violation in the neutral kaon system
Writin — Z* zZ = ae'
iting 7 Mlz**lru \
gives 7

@ From which we can find an expression for &

g-e = — - - = tan

. l1—e™ 1-_¢et®  2_cos¢ 2 ¢
14e i® 14 ¢€¢ 2+ cos¢ 2

lel =

tan f‘
Experimentally we know ¢ is small, hence ¢ is small

1.1 NES{MH—%ITH}
f¢_2argz~2 ‘Mm—%iru’

2

le| ~
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Appendix XXII: Time Reversal Violation

-Previously in equations (166) and (167) we obtained expressions for strangeness
oscillations in the absence of CP violation, e.g.:

r (K?:o — KO) = % [efrst + e tt 4 2eTsHT)t/2 (g Amt]

-This analysis can be extended to include the effects of CP violation to give the following
rates (see Question 24):

[e_rst + et 4 2o (TsHMt/2 (g Amt]

[efrst + et 4 2eTsHTt/2 (g Amt}

[l S

4
1

4

(14 4Re{e}) [e_rst e tt 2 TsHTU/2 g Amt]
(1 —4Re{e}) [efrst + e Lt 27 IstTL/2 o Amt]
* Including the effects of CP violation find that

r (Rtozo — KO) #T (KtO:O — RO) Violation of time reversal symmetry !

o No surprise, as CPT is conserved, CP violation implies T violation
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