Appendices

A — Momentum modes
From the discretisation of position space we can determine, through a Fourier transform, that of momentum

space:
L
Ax = N
2
Ap = T
As position is periodical, so is momentum (note, for a > g, momentum is in a negative direction):
La
X, = alx = N
2na
Pa = alp =——
XN =Xq+ L =xq4
21
Pa+n :pa+E:pa

B - Verifying commutation relations
Substituting our field expansions into the commutation relation gives:
[$ fi ] — _L L{(a e_ipnxa + C’iT eipnxa)(d e_ipmxb — dT eipmxb)
Xa’ " Xp 4_L2 w Pn Pn Pm Pm
nm
— (a e_ipmxb - aT eipmxb)(d e_ipnxa + aT eipnxa)}
Pm Pm Pn Pn
The term in braces is:
) —i(Pnxat+omxp) o1 [t 4 iPnxa—Pmxp) 1 [t g i(PmXp—Pn¥a)
s e~ 5700 1 [a}, 3y, Je P50 [ e P
~t At +H(PnXa+PmXp)
(e} e 0o
Assuming the commutation relations for the creation and annihilation operators, this is just:
_ i(PnXa—PmXp) i(PmXp—PnXa)
2prn5pnpm(e noa em +em n a)

So we find:
~ i . . i
[¢Xa’ﬁ-xb] = EZ(elpn(xa_Xb) + e—lpn(xa—Xb)) = ZZ COS(pn(Xa — xb))
n n

Using the identity:

N-1

Znnl (N, I=0
ZC°S< N )_{ 0, 0<I<(N-1)
n=0

We find, as required:
~ l l
[('bxa’ﬁxb] = ZN5xaxb = E 5xaxb
C — Energy-momentum relation
Applying the definition of the derivative twice gives:

_ ¢xa+1 B ('bxa _ 1 _
VZd)xa - V( Ax ) T Ax? (¢xa+1 2¢xa + ('bxa—l)

So the Euler-Lagrange equations become:

.1 L,
¢xa - A_xz (¢xa+1 - 2¢xa + ¢xa—1) +m ¢xa =0

Now we substitute in the trial field solution:

¢xa o ei(pbxa+wpbt)
¢xa x _wpbzd)xa
ippA
¢xa+1 o e x¢xa

—ippA
Pro_, X €TPETDy,
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1 , )
b2 _F(embe + e—lpbe _ 2) + mz =0

5

4 Ax\\2
wp, % =m? — —(cos(pbe) -1 =m?+ o 2( Py x))
Using our definition of momentum thls becornes.
4 b\ \ 2
2 o s
Wy, = m? +A 2(sm(N))
In the limit of N = 00 or Ax — 0 this becomes the standard energy-momentum relation:

. 4 2
Alzlcrllo(wpbz) m? +-— Ax2 (szAx + ) =m? + p,*

D - Simplifying the Hamiltonian
First find the derivative of the field:

ve. — L 1
Pxe = I 2wp

1 . o . L
Voy, = mzﬂ: 20, ((e“pbe — 1)@, e~ "Pr¥a + (e'PrA¥ — 1)a$ne‘pnxa)

Use the identity:

(A —ipnXa+1 + a elpnxa+1 — A4, e —ipnXa a-r eipnxa)
pn Pn Pn

* _ 1 =2ie7sin @

pnAx) _ipn(xa+ATx) _ At ipn(xa‘l'ATx)
Vx, = LAxZ 20, "2 (a”ne “n®

Substitute this into the Hamiltonlan.

T'o obtain:

H= LAX _(a e—ipnxa — a-l- eipnxa)(a e_ipmxa — a-l- eipmxa)
812 Pn Pn Pm Pm

an,m

i (PrlAXY cin (PmbX i A , A . A
_ Asin() i) (o cia(xat) _ gt gion(vat)) (o gmiom(xat)
szw w Pn Pn Pm
Pn""Pm
; (x +Ax) m? ) . . .
) V. AR A R S
Pm Pn Pn Pm Pm
wpnwpm
Now rewrite this using the following relation:
N-1
2nn N I = 0
e PN = )
0, 0<I<(N-1)

n=0

1 m? 4(sin(2t2))’
H= @NA’CZ{(% ap, +a ;l;n (a) 71— (LAx)zfu 2
Pn Pn

n
o m? 4(sm(pnAx))
+ (apna;; +a pnapn) <(1) 2 Ax wp 2

Dn

Finally, use the energy—mornenturn relation to simplify this to give:
a, a
~T Pn pn pn
4-L z(apnapn + apnapn) z ( 2 >

For a general commutation relation of the form:

[a,, 28] = X6(p — )

E — Fock state orthogonality

We find:

Y Y-1 Y-1 Y-1
~ YAt A v-1 AJr At A Y=1ata ~f A Y=1.7t
ap ag =0, ( +X) ap aqaydq +Xap aq
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Y Y-1
A~ YAty L v=141Y q Y15t
a, a;, =a, ag ap +YXap ag

So that the value of a normalisation constant can be determined:
Y
(0la,"al 10y = yx(ola,"” “* oy = r1x?
ATY

IY) = W”

Given the indifference of the operators to those in different modes, multiple values of p leads to equivalent

normalisation constants that are just multiplied together. For our commutation relations this gives:

n n ~ ny—
(apo) 0( ) ' :’N 1) "

J (2wp,)" (2wp, )™ .- (prN_l)nN_lx/L”OLnl L1 (gD (1) .. (g1

F — Eigenvalues of the Free Hamiltonian

Ip) = 10)

Repeated use of the commutators between the Free Hamiltonian and the creation operators yields:

At At At
Ha, "= w,,a, +ad, H

~ Y ~ Y ~ Y
H(a;;m) = prm(a;m) +(a;m) H

Which, using the results in Appendix E and the enforced zero eigenvalue of the vacuum state, gives:

Ep = Z NaWp,

a
G - Operator effects on general states

If we separate a general state into its normalisation factors and creation operators, then apply another creation
operator:
la) = fa0q10)

fa Ja_

aj |y = fy0q4p,10) = 7 —— futpy Oatp,10) = 7 la + pg)
a+pgy atpgy

Using the definition of our orthonormal states to calculate the prefactor we can rewrite this:

Sa _ /Z(na + 1Lw,,
fa+pa
a} la) = /Z(na + DLlwy | + pg)

Repeating this process for an annihilation operator, using the commutation relation multiple times to move the
annihilation operator to act on the vacuum state, we find:

apa|a> = apafaaalo) = na(Zpra)fa Aa —Pa [0)
na(Zpra)fa A Tla(z pa)fa

apa|a> = fa—paotx—palo) = — Pa)
fa—pa fa ~Pa
We find the prefactor in the same way as before:
ng(2Lw 2n,Lw
a( pa)fa _ a Pa __ Znapra

fa-pa [2nqLw,, B

Which gives an equation very similar to that for creation operators:

ap, la) = /ZnapraIa — Do)

We can confirm these equations by noting that they reproduce the commutation relation:
[dpa, d;a]la) = (Z(na + Dlw,, — Znapra)la) = 2Lwy, |a)
H — Number of basis states
For a particle-biased labelling method, the total number of states for up to Y particles is:
N(N+1) NWN+1(N+2) N(N+1)..(N+Y—-1)
+ G +-+ 7

1+N+
Which is of the order NY.
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I — Relativistic Effects

The maximum momentum of a particle in our system is given by:
2n

Pmax = NAp = E

'This can also be written as:
Pmax = YmaxMVmax
We can solve for V4, (in natural units):
5 1 4m?
- _ 2 212
1 — Vmax AX“mevy
Vmax > (Ax?m? + 472) = 412
1

Ymax 2

Vmax = A2
1+ (%)
This is only much less than 1 (the speed of light in natural units) for:
mAx > 21
J - Power Iteration method convergence
Expanding a state in terms of the Hamiltonian eigenbasis:

Hla) = Eq|a)

[50) = ) cela)

a
Applying the algorithm once (ignoring the renormalisation):

Js1) = (T =) ) cqla) = ) colr = Eg) |a)

a
We see how the algorithm works and that for convergence we require:

7> Enax
K — Cantor’s Pairing Function
For any pair of numbers [a, b] we can use Cantor’s Paiting Function to compute an unique associated index, z,
and can also calculate the pair from that index. By applying the algorithm recursively, using b as the next z, we
can associate any set of number lists of the same length with unique indices and vice versa. For example, with a
list of 4 numbers we have:

29 © [ao,21] © [a,,a1,2;] © [a,, a1, a2, 3]
By repeatedly applying this recursion to the grid produced by the pairing functions we go from:

°lo,0]  *[1,0]  °*[2,0] °[3,0] '°[4,0]
lo,a] - *f[,1] 7211 Y[3,1]

lo,2]  °[L,2]  **[2,2]

°[0,3]  *[1,3]

14[0,4]

To the following, where the triangular truncation mentioned is evident:

°[0,0,0,..] '[1,0,0,..] 3[2,0,0,..]1 °©[3,0,0,..] 1°4,0,0,..]
2[0,1,0,..] “[1,1,0,..] 7[2,1,0,..] 1'13,1,0,..]

5[0,0,1,..] 8[1,0,1,..] 1'?[2,0,1,..]

°[0,2,0,..1 '%[1,2,0,..]

1410,1,1, ...]
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L — Conservation of probability
We start with a general state and apply the Schrodinger equation:

)= cplp)

p
2 1) = Hi)
iy =Hly
Pre-multiplying by the original state gives:

9
o (i) = ZCJ«II Zclep) =chcp<qIHIp>

q 14 r.q
9 ; ; 9
—is (WP = ) cheq(plHla) = ) cleplalHlp) = i)
p.q r.q
From which we can deduce:
d
=l =0

W) = |, =4
p

M — Conservation of energy
Working in the eigenbasis of the Hamiltonian, we can write a general state as:

Hla) = Ela)
50) = > cq la)

Using the Heisenberg picture we can apply the Hamiltonian to this general state after some time has passed:

[5(0) = e7Me[5(0) = ) ¢ e ifat|a)

a

H|s) = Z E,c, e Eat|q)
a

Pre-multiplying by the state at this time gives the expectation value of the state energy, assuming the state is

normalised:
(sIHIs) = D" Facacfe CrEa(alg) = 3" Eqlcel? = s
a,f a

The coefficients have no time dependence, so we find the basis independent result:

O,

0
—(slHls) === =0

O - Eigenstate decay
We can write our calculated state as the actual state plus some error decomposed into the eigenstate basis:

Ccareh =I) + ) €qld)
d
where the €4 are small. Now we apply the Hamiltonian:

Hiceae) = HI) + ) qHId) = Acle) + ) ealald)
da da

We can use this to write the error in the next calculated state for the Leapfrog method. First we must apply an
Euler step:

|ccac(At)) = — iAtH|ccq1c(0)) + |ccac (0)) = (1 — iAtA,)|c) + z €q4(1 — iAtAg)|d)
da

Now we can apply a Leapfrog step:
|Ccaic (2At)) = —i2AtH|ccq1c(AL)) + |ccqic (0))
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lCeaic(200)) = (1 — 2iAt, — 2At22.%)|c) + Z ea(1 — 2iAtA4 — 20t224%)|d)
d

Repeated application gives the state after a number of timesteps (to O (At)):

lceare(MBD) = (1 — niAtd,)|c) + z e4(1 — nirtAy)|d)
d

The first term matches the expected phase rotation of the eigenstate to 0 (At). We expect the Leapfrog method
to be accurate to 0(At?) and a full calculation of the above state would show that, for large n, the method here
is accurate to this order. The moduli of the error components do not rise collinearly in time, as may have been
expected. As a result the error components associated with larger eigenvalues dominate. As a rough
approximation, for large n these moduli increase of the order:

~ (Tl/ld)z
P — Negative energies
In general, we cannot say that the Free Hamiltonian ground state is no longer the Full Hamiltonian ground state
without explicitly checking it. However, for the matrix considered here it can be proven that the ground state
does indeed change. We can write our Full Hamiltonian in a certain way, using the labelling system described in
section 3.5, because a 3 interaction cannot change particle number by an even number. Calculating the energy

of a normalised state of the particular type shown gives (for small §):

52
0 H10 H20 0 b (1 - 7)
52 Hip E; 0 Hz; -
ES = <1 —7>,—8, 0,0, HZO 0 EZ H32 _5
0 H31 H32 \ 0 /
S S T 0
52 52 5%
E, = ((1 — 7), -4,0,0, ) : <—5H10' <<1 - 7) Hyo — 5E1) ) (1 - 7) Hz0,0, )

ES = —28H10 + 82E1 + 83H10 = —26H10
We see that we can always find a negative energy state, as we have the freedom to choose 8. So the ground state

of the Free Hamiltonian, which still has energy zero, is not the ground state of the Full Hamiltonian.

Q - Code structure

Graphical User Interface

Plotting utilities
Codebase Fourier Transform utilities

=== s 1 Complex number utilities
: “State” Interface

AN

“GeneralState” Class

“InteractionHamiltonian”

State storage Class
Integration methods
Plotting utilities Interaction Matrix calculation
Testing utilities Interaction Matrix storage

“FockState™ Class

Basis state representation
Basis state utilities
Energy calculation utilities
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