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Inference problems
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» 3.1 A first inference problem

When I was an undergraduate in Cambridge, I was privileged to receive su-
pervisions from Steve Gull. Sitting at his desk in a dishevelled office in St.
John’s College, I asked him how one ought to answer an old Tripos question
(exercise 3.3):

Unstable particles are emitted from a source and decay at a
distance x, a real number that has an exponential probability dis-
tribution with characteristic length A. Decay events can be ob-
served only if they occur in a window extending from z = lcm

to z = 20em. N decays are observed at locations {z1,...,zN}.
What is A?
i * kok ok ok ok % * ok
- x .

I had scratched my head over this for some time. My education had provided
me with a couple of approaches to solving such inference problems: construct-
ing ‘estimators’ of the unknown parameters; or ‘fitting’ the model to the data,
or to a processed version of the data.

Since the mean of an unconstrained exponential distribution is A, it seemed
reasonable to examine the sample mean & = ) z,/N and see if an estimator
A could be obtained from it. It was evident that the estimator A = Z— 1 would
be appropriate for A < 20 cm, but not for cases where the truncation of the
distribution at the right-hand side is significant; with a little ingenuity and
the introduction of ad hoc bins, promising estimators for A > 20 ¢m could be
constructed. But there was no obvious estimator that would work under all
conditions.

Nor could I find a satisfactory approach based on fitting the density P(z | \)
to a histogram derived from the data. I was stuck.

What is the general solution to this problem and others like it? Is it
always necessary, when confronted by a new inference problem, to grope in the
dark for appropriate ‘estimators’ and worry about finding the ‘best’ estimator
(whatever that means)?

—————— ——————



Steve wrote down the probability of one data point, given A:
1

P(z|)) = { Se_m/Z(/\) 1<z<20

otherwise
where

20
Z0) =/ do Leo = (6—1/,\ _ e—zo/,\).
1

This seemed obvious enough.
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Steve wrote down the probability of one data point, given A:

seZ(\) 1<z <20
0 otherwise

P(ac|/\):{

where

20
Z(\) = / do 5 e/ = (e_l/’\ — 6—20/*) .
1

This seemed obvious enough. Then he wrote Bayes’ theorem:

Pz} [ NP
P({z})

szoyy o (CEV =) PO 6

PO {z1,...,zx}) (3.3)

Suddenly, the straightforward distribution P({z1,...,znx}|A), defining the
probability of the data given the hypothesis A, was being turned on its head
so as to define the probability of a hypothesis given the data. A simple figure
showed the probability of a single data point P(z | \) as a familiar function of z,
for different values of A (figure 3.1). Each curve was an innocent exponential,
normalized to have area 1. Plotting the same function as a function of A for a
fixed value of z, something remarkable happens: a peak emerges (figure 3.2).
To help understand these two points of view of the one function, figure 3.3
shows a surface plot of P(z | A) as a function of z and A.



Steve wrote down the probability of one data point, given A:

P(z|X) =

200 = /120

where

{

This seemed obvious enough.
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Figure 3.2. The probability
density P(z| ) as a function of A,
. for three different values of . . .
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{ function is known as the likelihood ‘z
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This seemed obvious enough. Th?HQQ%;Bayes, theorem:
P{z}| X )
P(\|{z1,...,an}) = | { } ))(

We xp (= TN 20/2) ().

For a dataset consisting of several points; é.g:; the six points {z}_, =
{1.5,2,3,4,5,12}, the likelihood function P({z} | A) s the product of the N
functions of A, P(:):n | \) (figure 3. 4)

: Figure 3.4. The likelihood function
1.2e-06

in the case of a six-point dataset,
v P({z}={15,2,3,4,5,12} | A), as
1e-06 .
a function of ).
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