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• Motivations for first-order electroweak phase transition


• Relativistic bubble wall velocity calculations: 1-to-1 

• Relativistic bubble wall velocity calculations: 1-to-2 

• Relativistic bubble wall velocity to all orders 

• Summary 

Outline
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First order electroweak phase transition

Within the Standard Model the EWPT is a crossover 


Minimal new physics  first order PT
→

D'Onofrio & Rummukainen (2015)

Anderson & Hall (1992)

•  Matter-antimatter asymmetry 


•  Topological defects


•  Primordial magnetic fields


•  Stochastic gravitational wave background

Kuzmin, Rubakov & Shaposhnikov (1985)

Achucarro & Vachaspati (2000)

Vachaspati (1991)

Kamionkowski, Kosowsky & 
Turner (1993)
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https://arxiv.org/abs/astro-ph/9310044
https://arxiv.org/abs/astro-ph/9310044
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Vacuum pressure from 
symmetry breaking Higgs  
potential

Thermal pressure, 
resulting from 
interactions of wall with 
the plasma particles 


Model dependent
Model independent(ish)
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Electroweak Baryogenesis

sphaleron 
 suppressed

sphaleron 
 unsuppressed

CPV

CPV

CPV

CPV

CPV

CPV
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Gravitational waves generated from 1st order PT

From David Weir’s website

• Collision bubble walls 


• Sound waves as bubble push through plasma  

• Turbulence  

GW sourced from three contributions:


⌦env

<latexit sha1_base64="HLENugJ2fKwfcxESLJwK47KOH7A=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCq5JIRZdFN+6sYG2hCWEyvWmHzkzCzKRQQsBfceNCEbd+hzv/xuljoa0HBg7n3Ms9c6KUUaVd99sqrayurW+UNytb2zu7e/b+waNKMkmgRRKWyE6EFTAqoKWpZtBJJWAeMWhHw5uJ3x6BVDQRD3qcQsBxX9CYEqyNFNpH/h2HPg5zn2M9kDwHMSqK0K66NXcKZ5l4c1JFczRD+8vvJSTjIDRhWKmu56Y6yLHUlDAoKn6mIMVkiPvQNVRgDirIp/EL59QoPSdOpHlCO1P190aOuVJjHpnJSUi16E3E/7xupuOrIKcizTQIMjsUZ8zRiTPpwulRCUSzsSGYSGqyOmSAJSbaNFYxJXiLX14mj+c1r167uK9XG9fzOsroGJ2gM+ShS9RAt6iJWoigHD2jV/RmPVkv1rv1MRstWfOdQ/QH1ucPKSaWRw==</latexit>

⌦sw

<latexit sha1_base64="HJN5v7ufqfbfhKQcRWWmyVIsCmc=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzIjFV0W3bizgn1AZyiZNNOGJpkhySh1GPwVNy4Ucet/uPNvzLSz0NYDgcM593JPThAzqrTjfFulpeWV1bXyemVjc2t7x97da6sokZi0cMQi2Q2QIowK0tJUM9KNJUE8YKQTjK9yv3NPpKKRuNOTmPgcDQUNKUbaSH37wLvhZIj6qceRHkmeqocs69tVp+ZMAReJW5AqKNDs21/eIMIJJ0JjhpTquU6s/RRJTTEjWcVLFIkRHqMh6RkqECfKT6fpM3hslAEMI2me0HCq/t5IEVdqwgMzmWdU814u/uf1Eh1e+CkVcaKJwLNDYcKgjmBeBRxQSbBmE0MQltRkhXiEJMLaFFYxJbjzX14k7dOaW6+d3darjcuijjI4BEfgBLjgHDTANWiCFsDgETyDV/BmPVkv1rv1MRstWcXOPvgD6/MHa/CV3g==</latexit>

⌦turb

<latexit sha1_base64="qke5JiJAu9ZoC/UEDJifrGC8978=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JIRZdFN+6sYB/QhDCZTtqhM5MwMxFKzMJfceNCEbf+hjv/xkmbhbYeGDiccy/3zAkTRpV2nG9raXlldW29slHd3Nre2bX39jsqTiUmbRyzWPZCpAijgrQ11Yz0EkkQDxnphuPrwu8+EKloLO71JCE+R0NBI4qRNlJgH3q3nAxRkHkc6ZHkmU5lmOeBXXPqzhRwkbglqYESrcD+8gYxTjkRGjOkVN91Eu1nSGqKGcmrXqpIgvAYDUnfUIE4UX42zZ/DE6MMYBRL84SGU/X3Roa4UhMemskipZr3CvE/r5/q6NLPqEhSTQSeHYpSBnUMizLggEqCNZsYgrCkJivEIyQR1qayqinBnf/yIumc1d1G/fyuUWtelXVUwBE4BqfABRegCW5AC7QBBo/gGbyCN+vJerHerY/Z6JJV7hyAP7A+fwAHF5bF</latexit>

• bubbles “runaway” ( ) latent heat of PT   KE of the bubble walls 

• bubble wall slow  more energy goes into sound waves and turbulence

vw → c →
→

https://arxiv.org/abs/1508.07161
https://lib-extopc.kek.jp/preprints/PDF/1991/9110/9110342.pdf
https://saoghal.net/
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≠sw
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LISA sensitivity

David Weir's review: 1705.01783

Gravitational waves generated from 1st order PT

• Velocity affects SGWB spectrum 

• EWBG and SGWB in tension
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https://arxiv.org/pdf/1705.01783.pdf


1-to-1 pressure calculation for relativistic bubble walls
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1-to-1 calculation handwaving argument
Bodeker & Moore (2009)

Arnold (1993) 

Lorentz factor of the wall

P1!1 ⇠ [ force ]

[ area ]
⇠ �[ momentum ]

[ area ]⇥ [ time ]
⇠ [ flux ]⇥�[ momentum ]

⇠ �T 3 ⇥ �m2

2�T
= �0T 2�m2

<latexit sha1_base64="vjd9VEJICvLJIbriGl92vHZzN3A="></latexit>
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z

<latexit sha1_base64="bvDwXyhXiy5qzCAx4JKXUsJISTQ="></latexit>

Friction  scattering particles that couple to Higgs condensate→

� =
1p

1� v2

<latexit sha1_base64="peZ971BdkqYk58obCPC1YNOwA7Y="></latexit>

�pwall ⌘ pa,z, s � pb,z, h =
q
E2

a �m2
a, s � ~p2a,? �

q
E2

b �m2
b, h � ~p2b,?

E2
a ⇠ p2a,z, s ⇠ �2T 2 � m2

a, s,m
2
b, h, ~p

2
a,? =) �pwall ⇡

m2
b, h �m2

a, s

2Ea
=

m2
b, h �m2

a, s

2�T

<latexit sha1_base64="FXfQ2MKHiULz5GAO7U5pkq/p2y8="></latexit>

https://arxiv.org/abs/0903.4099
https://arxiv.org/abs/hep-ph/9302258


1-to-1 calculation
• 1-to-1: no flavour change 

• Integrate over phase space of “b” noting that

• Bubble can “runaway”

Bodeker & Moore (2009)

Arnold (1993)
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• 𝒫 ∼ ∝ γ0Δm2T2

P1!1 ⇡
X

a

⌫a
T2

4⇡2

�
m2

b,h �m2
a,s

�

<latexit sha1_base64="sB6lOZn2EYPKEEcgycTj8USe94Q="></latexit>

Pvacuum > Pthermal or � �VT=0 ⌘ VT=0|out � VT=0|in > P1!1

<latexit sha1_base64="G5trhIqQsmJxxexwHEXypttplS8="></latexit>

P1!1 =
X

a

Z
dFa

X

b

Z
dPa!b�pz (1± fb)

dPa!b =
d3~pb
(2⇡)3

1

2Eb
⇥ (2⇡)3�2 (~pa,? � ~pb,?) � (Ea � Eb) (2pb,z, h) �ab

<latexit sha1_base64="tcBA51kWzDWfHQYvmx9Zz++e9sg="></latexit>

d3pb
(2⇡)32Eb

=
d2~pb,?
(2⇡)3

dEb

2Eb

Eb

pb,z

<latexit sha1_base64="I/QQ5LuAfL6cw13cz8SnhZXQCWE="></latexit>

https://arxiv.org/abs/0903.4099
https://arxiv.org/abs/hep-ph/9302258
https://arxiv.org/abs/hep-ph/9302258
https://arxiv.org/abs/0903.4099
https://arxiv.org/abs/hep-ph/9302258


1-to-2 pressure calculation for relativistic bubble walls
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Some eight years later …. 
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1-to-2 calculation

〈φ〉 = 0 〈φ〉 = ϕ0

pa

〈φ〉 = 0 〈φ〉 = ϕ0

pb

pc

v v

Soft

pc ↔ k
Sorry!

Bodeker & Moore (2017)

Incident particle’s energy  mass second particle + transverse momentum 
 unless  


→
Δp1→1 < Δp1→2 pT = 0 and mc = 0

https://arxiv.org/abs/1703.08215
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Kinematics

The transverse component of momentum is conserved, implying


Energy is also conserved during the scattering 


Ea = Eb + Ec

<latexit sha1_base64="CZ2eMJkyQxnECHvSvjt3ytInxh0="></latexit>

~pa = ~pa,? + pa,z,sẑ and Ea =
q

|~pa,?|2 + p2a,z,s +m2
a

~pb = ~pb,? + pb,z,sẑ and Eb =
q

|~pb,?|2 + p2b,z,s +m2
b

~pc = ~pc,? + pc,z,sẑ and Ec =
q

|~pc,?|2 + p2c,z,s +m2
c

<latexit sha1_base64="5W1VwKtM365WvXAszaT9iZ06H/Y="></latexit>

~pa,? = ~pb,? + ~pc,?

<latexit sha1_base64="1Dy/duV+ilrbgd+aEwLA08J1PCM="></latexit>



Integrate over  using  pb
d3pb

(2π)32p0
b

=
d2 ⃗p b,⊥

(2π)3

dp0
b

2p0
b

p0
b

pb,z

B&M region of interest:

1-to-2 calculation Bodeker & Moore (2017)

Ingoing hard

Outgoing hard

Outgoing soft

15Jessica Turner Institute of Particle Physics Phenomenology

Combination of PS + “observable”

P1!2 =
X

a,bc

⌫a

Z
[dpa] [dpb] [dpc] f (pa, pb, pc)�pz(2⇡)

3�2 (~pa,? � ~pc,? � ~pb,?) �
�
p0a � p0c � p0b

�
|M|2

<latexit sha1_base64="o/vczUfoiaLsHogfl9jVlKW68ew="></latexit>

P1!2 =
X

abc

⌫a

Z
d3pa

(2⇡)3 (2p0a)

Z
d2~pc,?
(2⇡)2

dp0c
(2⇡)2p0c

fp,a [1± fp,c] [1± fp,b] (pa,z,s � pb,z,h � pc,z,h)
1

2pb,z

p0c
pc,z

|M|2

<latexit sha1_base64="RRqMOcjB77eKCYE5ZpaKFsHgAdU="></latexit>

pa,? ⇠ T pa,z,s ⇠ �wT , Ea ⇠ �wT ma,s,ma,h ⌧ �wT

pb,? ⇠ max [T,mc] pb,z,s ⇠ �wT , Eb ⇠ �wT mb,s,mb,h ⌧ �wT

pc,? ⇠ max [T,mc] pc,z,s ⇠ mc , Ec ⇠ max [T,mc] mc,s,mc,h ⌧ �wT

<latexit sha1_base64="8wJtQtCKBqiiIk9d4xZoNLogzFY="></latexit>

https://arxiv.org/abs/1703.08215


1-to-2 calculation Bodeker & Moore (2017)

B&M region of interest:

 parametrises collinearity “c” also the 
region of PS 
ϵ

⃗p 2
c,⊥ ∼ m2

c,s ≪ pc,z,smc,s

 parametrises softness “c” x
x = p0

c /p0
a

16Jessica Turner Institute of Particle Physics Phenomenology

P1!2 =
X

abc

⌫a

Z
d3pa

(2⇡)3 (2p0a)

Z
d2~pc,?
(2⇡)2

dp0c
(2⇡)2p0c

fp,a [1± fp,c] [1± fp,b] (pa,z,s � pb,z,h � pc,z,h)
1

2pb,z

p0c
pc,z

|M|2

<latexit sha1_base64="RRqMOcjB77eKCYE5ZpaKFsHgAdU="></latexit>

pc,z =

vuut1� 2
m2

c(z) + ~p2c,?

2 (p0c)
2

| {z }✏

' p0c(1� ✏)

<latexit sha1_base64="+q+1SllEaXtnGZ1hX4Gw4T0gJRI="></latexit>

pb,z =
q

p0
2

b � ~p2?,b �m2
b(z) ⇡ p0a(1� x)

<latexit sha1_base64="Tox6l09LgHfgk+GZfw6c8+xTi9g="></latexit>

https://arxiv.org/abs/1703.08215


Bodeker & Moore (2017)

B&M 1-to-2 master equation:

Still need to  
determine matrix element 

squared

17Jessica Turner Institute of Particle Physics Phenomenology

(pa,z,s � pc,z,h � pb,z,h)
1

2pb,z

p0c,z
pc,z

⇡ 1

2p0a

m2
c(z) + ~p2c,?

2p0c| {z }
⇠x✏+O(✏2x)+...

<latexit sha1_base64="65+9kHGQ5OpMkVsRvZnBMIFjVrQ="></latexit>

P1!2 =
X

⌫a

Z
d3pa

(2⇡)3 (2p0↵)
2

Z
d2~pc,?
(2⇡)2

dp0c
(2⇡)2p0c

fpa [1± fpc ] [1± fpb ]
m2

c,h(z) + ~p2c,?
2p0c

|M|2

<latexit sha1_base64="0hme/piPhHVCurYN51wtc5be+x4="></latexit>

https://arxiv.org/abs/1703.08215


Bodeker & Moore (2017)

hpcpb|T |pai =

Z
d4x hpcpb |Hint| pai = (2⇡)3�2 (pa,? � pc,? � pb,?) �

�
p0 � k0 � q0

�
M

<latexit sha1_base64="N1UiQ7IoMZHdPJKVZJGWnjaO5fU="></latexit>

The bubble wall is invariant in time and the transverse directions 


M ⌘
Z

dz�⇤
pc
(z)�⇤

pb
(z)V (z)�pa(z)

<latexit sha1_base64="yFDjduH6ZXPuxFbbQzJq9C8RXIY="></latexit>

Mode functions are treated in the WKB approximation:


�pc(z) '
r

pc,z,s
pc,z(z)

exp

✓
i

Z z

0
pc,z (z

0) dz0
◆

<latexit sha1_base64="rCNVqo7yjNv9Fvm7JCd7ZgwY9f8="></latexit>
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Differential probability:


dPa!bc =
d3pb
(2⇡)3

1

2Eb

d3pc
(2⇡)3

1

2Ec
|hpbpc|T |�a (pa)i|2

<latexit sha1_base64="V0hlWm/OUY9lxPZqtmASizEDtwc="></latexit>

https://arxiv.org/abs/1703.08215


Bodeker & Moore (2017)Mode function quick summary

L =
X

f=a,b,c


1

2
(@µ�f )

2 � 1

2
m2

f (z)�
2
f

�

<latexit sha1_base64="vvpuxTc0WujwjmrxmhqHzL8Ixcg="></latexit>

scalar interacting with wall

KG field equation ⇤�f +m2
f (z)�f = 0

<latexit sha1_base64="mtibDXa9Gk24/jn+5fDlhxK//c0=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoCCUpFd0IRTcuK9gHNDFMppN26OThzESoIb/gxl9x40IRt+7c+TdO2iDaeuBeDufcy8w9bsSokIbxpRUWFpeWV4qrpbX1jc0tfXunLcKYY9LCIQt510WCMBqQlqSSkW7ECfJdRjru6CLzO3eECxoG13IcEdtHg4B6FCOpJEevWOI2RpxAKxpSJ/HSIz/rN0ktrdwf/qhnhqOXjaoxAZwnZk7KIEfT0T+tfohjnwQSMyREzzQiaSeIS4oZSUtWLEiE8AgNSE/RAPlE2MnkohQeKKUPvZCrCiScqL83EuQLMfZdNekjORSzXib+5/Vi6Z3aCQ2iWJIATx/yYgZlCLN4YJ9ygiUbK4Iwp+qvEA8RR1iqEEsqBHP25HnSrlXNevX4ql5unOdxFMEe2AcVYIIT0ACXoAlaAIMH8ARewKv2qD1rb9r7dLSg5Tu74A+0j28tfp05</latexit>

Mass varying in z 
parametrises spatial 
inhomegenity

solve with an homogeneous mass parameter, 
solutions can be can labeled by a 3-vector    ⃗p
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�f (~p, x) = e�iEf (~p)tei~p·~x with Ef (~p) ⌘
q

|~p|2 +m2
f

�f (x) =

Z
d3p

(2⇡)3
�̃f (~p)�f (~p, x)

<latexit sha1_base64="N0lSQD6oWxbq8rzrBQDtF48M6f8="></latexit>

https://arxiv.org/abs/1703.08215


But we have inhomogeneous mass term, make 
ansatz for solution to KG equation 


Sub  KG  WKB solution for a particle with inhomogeneous mass→ →

�f (pz, s, z) ⇡
r

pz, s

p̃z(z)
exp

✓
i

Z z

0
dz0p̃f,z (z

0)

◆

<latexit sha1_base64="/nHcYBKMWK7E15N/FDGw6XesnGQ="></latexit>

Amplitude Phase~ 1

Analogous 1D scattering off a potential well. Normally there would be a wave function 
with a negative phase (reflected) Here all particles transmitted

Mode function quick summary Bodeker & Moore (2017)
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�f (x) =

Z
d2~p?
(2⇡)2

dpz, s

(2⇡)
�̃f (~p?, pz, s)�f (pz, s, z) e

�iEf (~p?,pz, s)tei~p?·~x?

<latexit sha1_base64="U664AawGyU0c9MzPBzSD9OpKIfs="></latexit>

https://arxiv.org/abs/1703.08215


Bodeker & Moore (2017)

21Jessica Turner Institute of Particle Physics Phenomenology

Mode functions don’t tell us anything about the nature of the interaction


  the contraction of the interaction Hamiltonian density with all other state information  
interaction matrix element if we were considering simple plane wave states. 


V(z) ≡

M ⌘
Z

dz�⇤
k(z)�

⇤
q(z)V (z)�p(z)

M = Vs

Z 0

�1
dz exp


iz

As

2p0

�
+ Vh

Z 1

0
dz exp


iz

Ah

2p0

�
= 2ip0

✓
Vh

Ah
� Vs

As

◆

<latexit sha1_base64="ZR+9JffgzmBoqdjljgcEgrd28pM="></latexit>

As = EA (pa,z,s � pb,z,s � pc,z,s) Ah = Ea (pa,z,h � pb,z,h � pc,z,h)

<latexit sha1_base64="dhnHbKJoThDqptsPRY77TMUz2E0="></latexit>

 

A’s resemble propagators, but they only propagate in the z-direction!


mLw ⌧ 1

<latexit sha1_base64="XmtITmMTJHrzwGN4LJ5Gv7O9NZc="></latexit>

https://arxiv.org/abs/1703.08215
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Vertex Function Bodeker & Moore (2017)

|M|2 ' 4p20|V |2 (Ah �As)
2

A2
hA

2
s

<latexit sha1_base64="ce97/oCgBzQ82mcbIZjQWdMw+ow="></latexit>

a(p) ! b(k)c(p� k)
��V 2

��
S ! VTS
F ! VTF 4g2C2[R] 1

x2 k2?
V ! VTV
S ! VLS
F ! VLF 4g2C2[R] 1

x2m2

V ! VLV
F ! FVT 2g2C2[R] 1x

�
k2? +m2

b

�

V ! FF 2g2T [R] 1x
�
k2? +m2

b

�

S ! SVT 4g2C2[R]k2?
F ! SF y2

�
k2? + 4m2

a

�

S ! SS �2'2

<latexit sha1_base64="XlBt1E7aqqzSM0RU1ExtdVCLI0g="></latexit>

k? ⌘ pc,?

<latexit sha1_base64="3hTE8ZanYDwffRn03FQwC09s3M4=">AAACA3icbVBNS8NAEN34WetX1JteFovgQUoiFT0WvXisYD+gCWGznbZLN8m6uymUUPDiX/HiQRGv/glv/hu3bQ7a+mDg8d4MM/NCwZnSjvNtLS2vrK6tFzaKm1vbO7v23n5DJamkUKcJT2QrJAo4i6GumebQEhJIFHJohoObid8cglQsie/1SIAfkV7MuowSbaTAPhwEngApsAcPKRtiEWT0bKqMA7vklJ0p8CJxc1JCOWqB/eV1EppGEGvKiVJt1xHaz4jUjHIYF71UgSB0QHrQNjQmESg/m/4wxidG6eBuIk3FGk/V3xMZiZQaRaHpjIjuq3lvIv7ntVPdvfIzFotUQ0xni7opxzrBk0Bwh0mgmo8MIVQycyumfSIJ1Sa2ognBnX95kTTOy26lfHFXKVWv8zgK6Agdo1PkoktURbeohuqIokf0jF7Rm/VkvVjv1sesdcnKZw7QH1ifP//tl8M=</latexit>

These are splitting functions up to the 
normalisation 
Pb←a(x) = |V |2 x(1 − x)/16π2k2

⊥

https://arxiv.org/abs/1703.08215
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Quick Recap on splitting functions Altarelli & Parisi (1977)

d�a = dPBA(z)dz d�b

<latexit sha1_base64="vQcrAsnspfQ1OInrxNOqqbWM2CI="></latexit>

PBA(z) =
1

2
z(1� z)

X

spins

|VA!B+C |2

p2?

<latexit sha1_base64="qbQ3NfIgv3MlF+OLdDvg19d1/M0="></latexit>

kA = (P, P,0)

kB =
⇣
zP + p2

?
2zP , zP,p?

⌘

kC =
⇣
(1� z)P + p2

?
2(1�z)P , (1� z)P,�p?

⌘

<latexit sha1_base64="LHXAKkoVHTZcgZ6MbORx+zYGzzE="></latexit>

X

spin

|VA!B+C |2 =
2p2?

z(1� z)

1 + (1� z)2

z
C2(R)

<latexit sha1_base64="ErrMG761If7Ex8YnfO95T10r+H0="></latexit>

Treat z as 
Small parameter 

Light like Axial gauge 

B

A
c

https://arxiv.org/abs/1703.08215
https://www.sciencedirect.com/science/article/pii/0550321377903844?via=ihub
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pf,z, s ⇡ Ef �
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2Ef
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+
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2Ea
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2Eb
+

|~pc,?|2 +m2
c, h

2Ec

!
⇡
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Ec/Ea
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a
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⇣
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⌘2
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Lets keep track of what cancels where…


In the pressure expression, there is the “observable” which is the momentum 
transfer (from plasma to wall) in the z-direction:


VF!VTF
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⇣
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Two pieces left: the integration of PS of incoming “a” gives the flux. We also need 
to integrate over phase space of particle “c” our soft emission


B&M assume  i.e. 
supercooled PT. Drop this assumption 
the thermal mass would cut of the 
integral and you’d get some (possibly 
large) 


g2T2 ≪ m2

log (
m2

c,h

m2
c,s )Z

dp0c
p0c

2 ⇡ 1

m
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Lorentz contracted  
flux

Transverse momentum 
integration

Energy integration

From mode function

Z m2

g2T 2

dp2c,?

(2⇡)2 |~pc,?|2
⇣
|~pc,?|2 +m2

c, h

⌘ ⇡ 1

24⇡m2
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•  while . Since, vacuum pressure does not grow in , a  
terminal velocity will be reached.


•  no phase change pressure goes to zero.


• : WKB and vertex. The vertex part is dominated in the soft regime. 


• B&M cut off the  and  integration  by gauge boson mass. 

• This interaction looks like a collider/scattering experiment where the collision 

occurs between the ingoing particle and the wall  the centre of mass energy 
will be large  many soft emission.


𝒫1→2 ∝ γ2 𝒫1→1 ∝ γ λ

𝒫 ∝ m2 ⟹
ℳ

⃗k ⊥ k0

⟹
⟹

P1!2 ⇠ m�T 3
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1-to-n pressure calculation for relativistic bubble walls

2007.10343 (JCAP 2103 (2021) 009)

https://arxiv.org/abs/2007.10343
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Stefan Höche
 Yikun Wang
Andrew Long
Jonathan Kozaczuk


 

g 35,57
TX
wall

Outgoing

Particle with 
virtuality “t”

Incoming fast on-shell 
particle  

(in wall rest frame)

Z (�T )2

m2

dt

t
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Splitting functions typically 
used to resum soft radiation. 
 
Only have a few scale in the 
problem. Incoming particle 
energy  (UV scale) and 
bare mass/thermal mass  
particles in the bubble (IR 
scale). 

γT
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Reformulation of matrix element

As = �2Ea

�
pa,z,s � pb,z,s � pc,z,s

�
⇡ ~p 2

a,? +m2
a,s �

~p 2
b,? +m2

b,s

Eb/Ea
�

~p 2
c,? +m2

c,s

Ec/Ea

x⌧1�! �
~k 2
? +m2

c,s

x

Ah = �2Ea

�
pa,z,h � pb,z,h � pc,z,h

�
⇡ ~p 2

a,? +m2
a,h �

~p 2
b,? +m2

b,h

Eb/Ea
�

~p 2
c,? +m2

c,h

Ec/Ea

x⌧1�! �
~k 2
? +m2

c,h

x
.
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Recall B&M used the mode functions from solving KG equation:


We instead use: 


As = �2pa,spc,s ⇡ 2~pa,? · ~pc,? �
~p 2
a,? +m2

a,s

Ea/Ec
�

~p 2
c,? +m2

c,s

Ec/Ea

x⌧1�! �
~k 2
? +m2

c,s

x

Ah = �2pb,hpc,h ⇡ 2~pb,? · ~pc,? �
~p 2
b,? +m2

b,h

Eb/Ec
�

~p 2
c,? +m2

c,h

Ec/Eb

x⌧1�! �
~k 2
? +m2

c,h

x
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Note that they are identical in the soft-limit.


pµa ⇡
✓
Ea,

�!
0 , Ea

✓
1� m2

a

2E2
a

◆◆

pµb ⇡
 
(1� x)Ea,~k?, (1� x)Ea

 
1�

~k2? +m2
b

2(1� x)2E2
a

!!

pµc ⇡
 
xEa,~k?, xEa

 
1�

~k2? +m2
c

2x2E2
a

!!
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Sudakov parametrisation 

pc ↔ k
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As = �2pa,spc,s ⇡ 2~pa,? · ~pc,? �
~p 2
a,? +m2

a,s

Ea/Ec
�

~p 2
c,? +m2

c,s

Ec/Ea

x⌧1�! �
~k 2
? +m2

c,s

x

Ah = �2pb,hpc,h ⇡ 2~pb,? · ~pc,? �
~p 2
b,? +m2

b,h

Eb/Ec
�

~p 2
c,? +m2

c,h

Ec/Eb

x⌧1�! �
~k 2
? +m2

c,h

x
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pa,s

pb

pc,s = (pa,s − pb) ≈ As

pc,h

Vs Vh

pa,s

pa,h = (pc,h − pb) ≈ Ah

pb

pc,h

Using the full propagator expression (same as B&M in soft limit) we get a gauge 
invariant expression.
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If you choose a different gauge (such as Feynman gauge ) in the previous “A” 
expressions you will find that the matrix element doesn’t match axial gauge. The 
gauge choice comes in the polarisation sum of the gauge boson. 


ζ = 0

X

=±
✏(p)µ✏


⌫ (p)

⇤ = �gµ⌫ + ⇣gµ⇢g⌫�

 
n⇢p�b + n�p⇢b

pb · n
� n · n

p⇢bp
�
b

(pb · n)2

!
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In our expressions, lightlike axial gauge ( ) with  simplifies the matrix 
element*

ζ = 1 n = pb,h

|Vh|2 = V ⇤
h Vs = V ⇤

s Vh = 0

|Vs|2 = 4|g|2
 
2(pa,spb,h)(pa,spc)

pb,hpc
�

p2b,h(pa,spc)
2

(pb,hpc)2
� p2a,s

!

⇡ 4|g|2 ~k 2
?

 
~k 2
? + x(m2

b,h � (1� x)m2
a,s)

~k 2
? + x2m2

b,h

!2
m2

a,s⌧m2
b,h�!

~k2
?⌧x2m2

b,h

4|g|2
~k 2
?
x2

.
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Ultracollinear limit

 *analogue of  LLA 
gauge switches off interference 
term. Total amplitude GI but 
sub amplitude need not be

γ* → qqg
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���M(0)
a!bc

���
2
= 4E2

a
|Vs|2

A2
s

�����
nµ=pµ

b,h

m2
a, s⌧~k2

?,m2
b, h�! 8E2

a|g|2
2x2

~k2?

 
~k2? + xm2

b, h

~k2? + x2m2
b, h

!2
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���M(0)
a!bc

���
2
= 4E2

a
|Vs|2

A2
s

�����
nµ=pµ

b,h

m2
a, s,m

2
b, h⌧k2

?�! 8E2
a|g|2

2x2

~k2?
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���M(0)

a!b

���
2

Z
d3~pc

(2⇡)32Ec

���M(0)
a!bc

���
2
⇡

8
>>>><

>>>>:

↵

2⇡

Z
d~k2?
~k2?

Cabc log
m2

b, h

~k2?
if m2

a, s ⌧ k2? ⌧ m2
b, h

↵

2⇡

Z
d~k2?
~k2?

Cabc if m2
a, s,m

2
b, h ⌧ k2?
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• In IR regime, logarithms can be large  invalidate fixed order calculation

• One thing to note, our ME squared does not have the  suppression factor. 

As phase change is required but this can come from the hard outgoing fermion leg.

→
Δm2

Small k⊥

Large  k⊥
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Our gauge invariant matrix element:

���M(0)
a!bc

���
2
= 4E2

a|g|2
 

2pa,spb,h
pa,spcpb,hpc

�
m2

a,s

(pa,spc)
2 �

m2
b,h

(pb,hpc)
2

!
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First need to cancel poles: allows for the meaningful resummation. IR divergent 
parts in the real and virtual diagrams computed using dim reg

W (2)IR
a!b = �↵

⇡
Cabc

 
1

2"2
� 1

2"

 
1 + log

(2papb)
2

µ2p2b

!
+

1

4
log2

(2papb)
2

µ2p2b
� 1

2
log2

2papb
p2b

+ . . .

!
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1 + log
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2

µ2p2b

!
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1

4
log2

(2papb)
2

µ2p2b
� 1

2
log2

2papb
p2b

+ . . .

!
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Radiative corrections as branching processes

Observed 

Unobserved 

Marchesini & Webber (1983)
Sjöstrand (1985)

Sudakov factor  no-emission probability
→

Virtual 
 correction 

Unresolved 
Emission

dN = ��Ndt

<latexit sha1_base64="Vd3sS3MUb98P+gwqelZ2hzF0hX8="></latexit>

N = population

� = decay constant
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Survival probability at time “t”:   where   energy scale ( )
e−λt t ↔ log(1/v)
Change in population analogous to boson emission probability 


�Ndt =

Z
[dk]M2(k)⇥(v � V ({p̃}, k))
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Probability of 
not emitting 
bosons above  v

[ virt. + unres. ] = e�
R
[dk]M2(k)⇥(V ({p̃},k)�v)
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Pno em + Pem = 1

https://linkinghub.elsevier.com/retrieve/pii/0550321384904632
http://Marchesini%20&%20Webber%20(1983)
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Analytic Resummation

R(v) =

Z
[dk]

��M2(k)
��⇥[V ({p}, k)� v]
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Banfi, Salam & Zanderighi (2005)

V (pa, pb, pc) =
�pz
�T

⇡
~k2?/

�
2E2

a

�

x(1� x)
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Rabc(V ) = Cabc|g|
2

Z
d3~pc

(2⇡)32Ec

 
2pb, hpa, s

pa, spcpb, hpc
+O

 
m2

a, s

~k2?
,
m2

b, h

~k2?

!!
⇥ (V (pa, pb, pc)� V )
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⇥ (pb,z, h)⇥ (pc,z, h)
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Additional constraints on 
kinematics


Rewrite phase space and matrix element squared  in terms of observable V

Rabc(V ) = Cabc
↵

2⇡

Z 1

V

dV 0

V 0

Z 1

0
dx2x⇥

✓
1

1 + V 0 � x

◆
⇥

✓
x� V 0

1 + V 0

◆
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Rabc(V ) =
↵

2⇡
Cabc

�
L+ 2 log

�
1 + e�L

��
where L = log

1

V
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 probability for decay . For this splitting to produce momentum transfer of v 
we require that it did not produce a large momentum transfer before. 
R(v) a → bc

Single log as we focus on  
 region⃗k 2

⊥ ≫ m2
b,h

https://iopscience.iop.org/article/10.1088/1126-6708/2005/03/073
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�a(V ) = exp

(
�
X

b

Rab(V )

)
, where Rab(V ) =

X

c

Rabc(V )
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Z 1

0
dV V

d

dV

Y

a2S
�a(V )
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Numerical Resummation
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Summary
• 1st order EWPT is plausible and has many interesting physical consequences 

such as baryogenesis & GW production. Both quantitatively depend on the 
velocity of the bubble wall. Faster walls   bigger waves! 

• Bubble wall velocity is a force balancing exercise: pressure from Higgs potential 
versus frictional pressure from plasma. 

• We reformulated the calculation of the latter in a GI way and calculated the 
average pressure to all orders.  

• Pressure  also massless GB contribute the largest pressure of all SM.  
Numerical and analytic resumption agree to 10% level. 

• Prokopec et al found the same scaling using an entropy argument, it would be 
interest to connect parton shower  entropy


⟹

∝ γ2

↔



Thank you for your time!
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Backup slide: kinematics
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