Classical Field Theory
¢ A
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® Consider waves on a string, mass per unit length p, tension 7', displacement

o(z,t).
2
K.E. T = /%p (%) dx
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where wave velocity ¢ = +/T'/p.



® Lagrangian L =T —V = [ Ldx with Lagrangian density
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For brevity, write
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® Equations of motion given by least action 5 = 0 where S = | L dt. Now
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We can assume the boundary terms vanish. Similarly
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® This has to vanish for any d¢(x, 1), so we obtain the Euler-Lagrange equation
of motion for the field ¢(z,1):
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® For the string, £ = %p (¢2 — 02¢’2). Hence
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which gives the wave equation
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® We shall also need the Hamiltonian

H:/Hdac

Recall that for a single coordinate ¢ we have L. = L(q, q) and

H=pq—L
where p is the generalized momentum
0L

® Similarly, for a field ¢(x,t,) we define momentum density
oL

m(x,t) = (9_gb



Then
H(ﬂ-a ¢) — ﬂ-é — L

® For the string m = p¢ (as expected) and
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Klein-Gordon Field
® We choose the Lagrangian density (h =c = 1)

(09N (00\ L 5
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to obtain the Klein-Gordon equation of motion:
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® The momentum density is
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and so the Klein-Gordon Hamiltonian density is
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® In 3 spatial dimensions 0¢/0x — Vo,
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® (Covariant notation:
L =39, (0"9) (8"¢) — tm*¢°
Euler-Lagrange equation:
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® Note that the Lagrangian density £ and the action S = [ Ld’rdt = [ Ld*x
are scalars (invariant functions), like ¢.

® On the other hand the momentum density m = d¢/0t and the Hamiltonian
density

H =112+ L (V) + Lm?¢”

are not: time development = frame dependence.



Fourier Analysis

® We can express any real field ¢(x,t) as a Fourier integral:
¢(x7 t) — /dk‘ N(k) [a(k)eikx—’iwt —l_ a*<k)e—ikx+iwt:|

where IV (k) is a convenient normalizing factor for the Fourier transform a(k).
The frequency w(k) is obtained by solving the equation of motion: KG
equation = w = +vVk?2 + m?2.

® The Hamiltonian
H = / (im% + 3¢ + tm?¢?) do
takes a simpler form in terms of the Fourier amplitudes a(k). We can write e.g.

P? = /de(k;) [...]/dk’N(k’) .. ]

and use

/dx et FER)T — o §(k £ k)
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to show that
/gb2 dr = QW/dkdk/N(k)N(k/)[@<k>a<k’)5<k+k/)@—i(w—l—w’)t

+  a*(k)a* (K)3(k + k)e' @t - a(k)a* (k)3 (k — k' )e (=)
+ a*(k)a(k)d(k — K )el@=w)]

® Noting that w(—k) = w(k) and choosing N (k) such that N(—k) = N(k), this

gives

/¢2 dr = 27T/dk [N(k)]2[a(k)a<_k)e—2wt
+ @ (ke (=k)e*™" + ak)a” (k) + a* (k)a(k)]

® Similarly

/¢/2 dx = 27T/dk kN (k)] [a(k)a(—k)e™ >
+ a*(k)a"(=k)e*™ + a(k)a* (k) + a* (k)a(k)]
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while

/(,52 dr = 27T/d/<3 [W(k)N(k)]Q[—a(k)a(—k)e—int
—a*(k)a* (—k)et*™" + a(k)a* (k) + a* (k)a(k)]

and hence, using k% = w? — m?,

H=2n / dk [N (R)w (k) 2[alk)a* (k) + a* (k)a(k)]

or, choosing

H = / dk N(k) Lo (k) [a(k)a* (k) + a* (k)a(k)]
i.e. the integrated density of modes N (k) times the energy per mode
w(k)|a(k)|*.

= Each normal mode of the system behaves like an independent harmonic
oscillator with amplitude a(k).

11



® In 3 spatial dimensions we write
o(r,t) = /d3k N (k) [a(k)eikm_m 4+ a*(k)e—ik-r—kiwt}

and use

/ dPr ! FERD) T — (973 53 (k £ k)

Therefore we should choose

1

Nk) = o omm

to obtain an integral with the usual relativistic phase space (density of states)
factor:

Bk ,
1 = [ g “0)lalk)
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Second Quantization

® [First quantization was the procedure of replacing classical dynamical variables

g and p by quantum operators ¢ and p such that

® Second quantization is replacing the field variable ¢(x,t) and its conjugate
momentum density 7 (x,t) by operators such that

(O(x, 1), (2", t)] =i 6(x — &)

N.B. x and 2’ are not dynamical variables but labels for the field values at
different points. Compare (and contrast)

[qu7]31€]:@6]]€ (j,kziﬁ,y,Z)

® The wave function ¢ satisfying the Klein-Gordon equation is replaced by the
field operator é, satisfying the same equation.
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@® The Fourier representation becomes

A

o(x,t) = /dk N (k) [&(k)eikx—’iwt 4 &T(k)e—ikx—i—iwt}

A

i.e. ¢ is hermitian but the Fourier conjugate operator a is not.

® Keeping track of the order of operators, the Hamiltonian operator is

i / dke N(k) 2w (k) [a(k)al (k) + a' (k)a (k)

® Comparing this with the simple harmonic oscillator,
Hspo = tw(aa’ + a'a)

we see that a'(k) and a(k) must be the ladder operators for the mode of wave
number k. They add/remove one quantum of excitation of the mode. These

quanta are the particles corresponding to that field:
= &' (k) = creation operator |, a(k) = annihilation operator

for Klein-Gordon particles.
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® Ladder operators of simple harmonic oscillator satisty
a,a"] =1

The analogous commutation relation for the creation and annihilation

operators 18

— (k- k)
— 9 2w(k) 8(k — k)

or in 3 spatial dimensions
a(k),a’ (k)] = (2m)° - 2w (k) 6°(k — k')

On the other hand
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@® The commutators of the creation and annihilation operators correspond to the

field commutation relation
[p(r, 1), 7(r' )] = / P’k d’k' N (k) N(K')[—iw(k")] x
ak)e e 4 af (k)™ a(k)e ™ — af ()t
_ i/dSkN(k)w(k) [e—ik-(x—x’) _I_eik-(:c—x’)}

where 2/ = (¢,r) and z'* = (¢,r"). Hence
(o, t), 7 ()] = i 8 (r — )
as expected. On the other hand

[o(r, 1), 0(r", )] = [7(r, 1), 7 (r', )] = 0
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® The fact that the field operator has positive- and negative-frequency parts now

appears quite natural:

ik-r—iwt

% positive frequency part a(k)e annihilates particles

o 6—zl<:-r—i—zwt

< negative frequency part a' (k) creates particles

® -t/w is the energy released/absorbed in the annihilation/creation process.
N.B. The hermitian field describes particles that are identical to their

antiparticles, e.g. 7’ mesons.

® More generally (as we shall see shortly) the negative-frequency part of ¢E

creates antiparticles.
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Single Particle States

® If |0) represents the state with no particles present (the vacuum), then
a'(k)|0) is a state containing a particle with wave vector k, i.e. momentum k.
More generally, to make a state with wave function ¢(r,t) where

o(r.0) = [ dk (k)

we should operate on the vacuum with the operator

/ Pk ok)al (k)

® Writing this state as |¢) = [ d°k ¢(k)a'(k)|0) we can find the wave function
using the relation

<0|§g(r7 t) ‘§b> — qb(’l“, t)

® Thus the field operator is an operator for “finding out the wave function” (for
single-particle states).
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Two Particle States
® Similarly, we can make a state |¢12) of two particles:
12) = [ dhend*ka 9l k)il (k)i (2) 0)

Since the two particles are identical bosons, this state is symmetric in the
labels 1 and 2 even if ¢ isn’t, because a'(k;) and a'(k,) commute:

|p12) = /d3k1d3k2$(k1,k2) (k1)a' (k2)[0)

/ Pleyd®hey Gk, k)i (o)l (K1)[0)
— ‘¢21>

® The 2-particle wave function is

d(ri,ro,t) = (0[p(ry, )d(ra,t)d12)
= qb('rg,rl,t)

Thus quantum field theory is also a good way of dealing with systems of many

identical particles.
19



Number Operator

® Recall that for the simple harmonic oscillator the operator a'a tells us the

number of quanta of excitation:

&T&|¢n> - n|¢n>
when |¢,,) is the nth excited state.

® Similarly, in field theory the operator
N = / dk N (k) a' (k)a(k)
counts the number of particles in a state. For example,

Nlpr2) = /d/f dky dka N (k) (k1, k2)a' (k)a(k)a' (k1)a' (k2)|0)

20



N(k)a"(k)a(k)a' (k1)a' (k)
= N(k)a'(k)a'(k)a(k)a" (ko) + a'(k)a' (k2)d(k — k1)
= N(k)a'(k)a'(k1)a' (ka)a(k) + a' (k)a' (k1)d(k — k2) + a' (k)a' (ka)d(k — k1)

However, a(k)|0) = 0 (by definition of the vacuum) and so

N|b12) = 0+ |¢12) + [d12) = 2|o12)

N.B. In general, states do not need to be eigenstates of N they need not
contain a definite number of particles.
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Electromagnetic Field

® Each component of A* (in Lorenz gauge) is quantized like a massless
Klein-Gordon field (i.e. with w = |k|):

Z/d?’k

P=L,R

{%<k>&p<k>e@’”-m ekl et

where ap (k) annihilates a photon with momentum Ak and polarization P and

&L (k) creates one.

® :; (k) are the left/right-handed circular polarization 4-vectors for wave

vector k and
ap (k). a;,(k’)} — (27)% 2w(k) 6 ppr 03 (k — k)
N.B. Different polarizations commute.

® The Hamiltonian for the e.m. field is
H = %/d?’r (E* + B?)
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where (in A = 0 gauge) from E=—-0A/0t, B=V x A we have

I dgk —ik-x x ~T +ik-x
E = g apape — Epape

r dgk ~ _—ik-x * A 0
B = Z/ 27T32wlk><|:€pap€ - —epaLeJrk}

® Using k x e;, = iwey, k X eg = —iwepg [recall that for k along the z-axis we
have e} = (0,1, F4, 0)/+/2] we find, as expected, that

i Z/ d3k

l\DIr—l
>
i)
=
™
Ny
=
_|_
Q>
i
=
™
i)
=
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Vacuum Energy and Normal Ordering

® Using the above expression for the e.m. Hamiltonian and the commutation
relation for the photon annihilation and creation operators, we find that the
energy of the vacuum is given by

f10) = /d%w(k) lim 5%(k — K)|0)

® In a finite volume V', we should interpret

Br e
lim 6%(k — k') = lim [ - gitk—k)r __V
Kk K=k Jy (2m)° (27)3

The energy density of the vacuum is thus U, where H|0) = UyV|0)

dk
= Uy = / w(k) = 0 I

® This is due to the zero-point fluctuations of the e.m. field (17w per mode). In
reality, we don’t understand physics at very short distances (very large wave

24



numbers) and presumably the integral gets cut off at some very large |k| ~ A.
We shall see that quantities we can measure don’t depend much on A or the

form of the cut-off.

For most purposes we can throw away the term in H that gives rise to the
vacuum energy, which corresponds to measuring all energies relative to the

vacuum. This means writing

=3 [ Gk

which is called the normal-ordered form of H , 1..e. a form with the annihilation
operator ap on the right.
N.B. After normal-ordering, H is still hermitian.

Clearly, a normal-ordered operator has the vacuum as an eigenstate with

eigenvalue zero.

However, we should not think that this means vacuum fluctuations are not

there. They give rise to real effects, such as spontaneous transitions and ...
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The Casimir Effect

® Suppose a region of vacuum is bounded by the plane surfaces of two
semi-infinite conductors. Then some (low-frequency) vacuum fluctuations are
forbidden by the boundary conditions (E| = B = 0). Thus the vacuum

energy is reduced, corresponding to an attractive force between the conductors.

4> .
Z unit
arca
-
a
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® Since the vacuum energy density is proportional to hc, by dimensional analysis

this Casimir force per unit area must be

h
Fco(—z
a

® To find the constant of proportionality, note that k., = nm/a where
n=0,1,2,..., so

w=clk| = c\/kﬁ + (nmw/a)?

® For n=1,2,3... there are 2 polarizations; for n = 0 only one polarization is

allowed, since £/ = 0. Hence the energy per unit area is

zlhc/( ‘kH‘—I—QZ\/kH—I— (nm/a) ]
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® This is assumed to be cut off by new physics at wave numbers |k| > A. Thus

— | 3 F( +ZF

o hc

where

F(n) = /k” a3 + (n/a)? <\/k||+ (n/a) )

with f(k) =1 for k < A and f(k) =0 for £ > A.

® Changing variable from k| to k = \/kﬁ + (nm/a)?,

F(n) = /OO k2 dk f(k)

T/a
Removing the boundary conditions would allow n to be a continuous variable:

Eqy = he dn F(n)
21 Jo
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Hence the change in the vacuum energy per unit area is

® The Euler-McLaurin formula tells us that

/Oooan( +Z[ )

where B,,, are Bernoulli numbers:

l\3|}—‘

1 1
B - .
2 6 ’ 4 30 ’
Hence
he 1 1
5E — __F/ _F///
2 [ 12 (O) * 720 (O> *
But

29




and so F'(0) = 0, F"(0) = —2(7/a)® and

™ he

o = ————

720 a3

® Thus the Casimir force is
d 2 he
Fr=—0F = ——
“ 7 da 240 a4
This is very small,
1.3 x 10727
Fo=—""1 Pa m*
a

but it has been measured (Sparnaay, 1957).
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Complex Fields
® Suppose ngS is the second-quantized version of a complex field, i.e. qu =+~ q% We

can always decompose it into
A 1
b=—

V2

where ggl and &2 are hermitian. Then

(&1 + ZQZA52>

Qg(x,t) = /dk N (k) {&(k)eikx_im + BT(k)e_ikaFWt}

where .
6= —=(a1 +ias), bl =

V2

® From the canonical commutation relations
j(w,t) (@ )] = o —a') (il =1,2)

we can deduce

N (k) a5 (k). af (F)] = 8500k = k')
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and hence that
N(k)la(k), a' (k)] = N (k)[b(k), b (k)] = 5<k K,
a(k),bT (K")] = [a(k), b(k")] = [a' (k), b (K')] =
Hence a' and bf are creation operators for different particles.

® The Lagrangian density
L = L{p1] + L]2]

can be written as

05106 0810 .-
FE oo ewor 00
The canonical momentum density is thus
. oL 0t
T=—=—
agb ot



® Using the Fourier expansion of gﬁ and integrating over all space, we find

i = /dxH _ —/de(k) (k) x
)+ al(k)a(k) + b(k)bT (k) + bt (k)b(k)]

or after normal ordering
i / di N (k) w(k) [a1 (B)a(k) + b (k)b (k)]

Thus both af and b' create particles with positive energy hw (k).
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Symmetries and Conservation Laws

® We want to find a current and a density that satisfy the continuity equation
for the complex Klein-Gordon field. We use an important general result called
Noether’s theorem (Emmy Noether, 1918), which tells us that there is a
conserved current associated with every continuous symmetry of the

Lagrangian, i.e. with symmetry under a transformation of the form

¢— ¢+ 09
where 0¢ is infinitesimal. Symmetry means

oL

5£—— + —0¢ =
500+ 5508 + 559 =0
where
) op\ 0
o0 = (8$> - 8x5¢
. 8¢ B 2
% = 5(5) TR

(easily generalized to 3 spatial dimensions).
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® The Euler-Lagrange equation of motion
oL 9 (oL 2 oL
Op  Ox \ 09’ 8gb

sp 8<0£>5¢ a£8(5¢)

then implies that

9z \ O¢/ 5¢' O
o (0L oL

+ o5 (a?) 5+ — (% 5,(06) = 0
9

= ala) e (Ge) =

® Comparing with the conservation/continuity equation (in 1 dimension)

0 op

shows that the conserved density and current are (proportional to)

=0

== 7, =25
¢¢, 5509
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® In 3 spatial dimensions

oL oL
5 _
5(06/02)°"" " = 8(0/0y)

and hence in covariant notation

I, = 5o ...

oL
B 5
= 20,9

@® If the Lagrangian involves several fields ¢1, ¢o, ..., the symmetry may involve
changing them all: invariance w.r.t. ¢, — ¢; + 0¢; = conserved Noether

current

JH —Za M% 5¢j

® After second quantization, the same procedure (being careful about the order
of operators) can be used to define conserved current and density operators.
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Phase (Gauge) Invariance

® The Klein-Gordon Lagrangian density
. _ 00100 09! 09

i S s SIS i
ot ot Ox Ox ¢
or in 3 spatial dimensions
LA N P
T g YO Vemme

— 0,410"% - m?6

is invariant under a global phase change in &:

gg — e_isgg ~ gg—i&‘qg
qu N 6+758qu ~ qu 4+ isggT
ie. 5& X —7}¢2, 5@ X —|—7J¢ET.
® The corresponding conserved Noether current is just that derived earlier:

A oL A ~ oL Ay . .
JH — 5 +5T A — (P T +'Tau
T RARAT Y AR AR
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® We can define an associated conserved charge, which is the integral of p over

Q:/ffr

dG .
Q: ade /V Jdg’l“— / J-dS =0
sphere

all space:

® In this case

. T
Q—i/(EM 6— o ¢>

Inserting the Fourier decomposition of the field,

A

¢ = / Ak N (k) [a(k)e= % + bf (k)e'=]

where N (k) = [(27)° 2w(k)] ™!, we find

A

O = / &3k N (k) [a*(@a(@-ﬁ(@é(@}
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® Comparing with the energy
H = / Pk N(kw(k) |af (k)a(k)+b (k)b(k)

we see that the particles created by a' and bT have opposite charge.

® Thus we see that in quantum field theory all the ‘problems’ with the
negative-energy solutions of the Klein-Gordon equation are resolved, as follows
s The object ¢ that satisifies the KG equation is in fact the field operator gB

* The Fourier decomposition of ¢ has a positive frequency part that
annihilates a particle (with energy Aw and charge 4+1) AND a negative
frequency part that creates an antiparticle (with energy iw and charge —1).

% Similarly, QZAST creates a particle or annihilates an antiparticle.
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The Dirac Field

® The Lagrangian density that gives the Dirac equation of motion,
o —my =0

1S

Lp = @Z’W“amb - m&@b

® As in the Klein-Gordon case, we should treat 1 and 1 = 177" as independent
fields. The Euler-Lagrange equation for v gives the Dirac equation for 1)

a[’_D_g) ( OLp
TN T

while that for i gives the Dirac equation for :

8[’_]3_(9 ( ILp
oy M\ 9(0u)

Check: —i0,¥Ty"T —myT =0, 1 = T30, Y170 = 091 = —ig, Yo" = ma.

40
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® The generalized momentum densities are

7= 2Ep
Y
® Hence the Hamiltonian density is
Hp = m—Lp =iy’ (?;b Lp
= —thiy - Vb +myip

and the total energy is given by
H = /d?’rHD — /d3r¢<—z‘7-v+m>¢
— /d3r YT (—io - V + fm)y
which is indeed the expectation value of the original Dirac Hamiltonian.
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® Now we second quantize by expressing the field operator 1@ as a Fourier
integral over plane-wave spinors with operator coefficients:

D(r ) = / Bk N (k) S (s (k)us(k)e= " + di (), (k)e 2]

S

where s = 1,2 label spin up/down, i.e. u; = u! free particle spinor, etc.

® We expect that the operator ¢;(k) annihilates a particle (e.g. an electron) of
momentum hk, spin orientation s. while cﬂ(k) creates an antiparticle

(positron) of the same momentum and spin. But the Hamiltonian operator is
H = /d3r Vi (—io- V + Bm)y
and using the Dirac equation

(—ta -V + m)us = FEus = wug
(—ta -V + Bm)vy = —Fv, = —wuy

42



we find that

= [ kN @w®) Y (el )e (k)-d, ()l (b

S

@® Thus there appears to be a problem: unlike the Klein-Gordon case, we seem to
get a negative contribution to the energy from the antiparticles!

® The Dirac equation also has phase (gauge) symmetry:
2@ — e_i€?72 ~ ?72—2'8772
Q@T N e+z’s¢T ~ &T 4 iszﬁ
with corresponding Noether current

j 0L 5+ ot —2F

A(0uy) (0 ¥)

A

= Y (—ig) = Py
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and conserved charge

Q= [0 = [@riti = [ @ENE)Y [0 0)-+d. (k)d] )

S

which also seems to have the wrong sign for the antiparticle contribution.

However, we actually need the normal-ordered operators, which involve CZECZS,
not CZSCZ:E Hence if
diczs = —ciscil + const.

then all signs are correct.

Thus we are forced to give the creation and annihilation operators for spin
one-half particles anticommutation relations:

{eol), el (k) } = &)l (k) el (K)o (k)

= (27)° 2w(k) s 8° (s — ') = { dy(k), dL, (k') }

while



® This means that two-particle states are antisymmetric:

12 = / Py Ay 3 Gansy (B, ko)l ()l (K)|0)

§1,52

. / Pl Py 3 Gy (e, k2)el (2)eh (1)|0)

$1,52

. / Pl Py 3 Bayer (ko k1)1, (1)el (K2)|0)

51,52

— _‘¢21>

® Thus spin one-half particles must be fermions. This is the spin-statistics

theorem.
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Interacting Fields

® We introduce e.m. interactions into the Dirac Lagrangian by the usual minimal
substitution, 0¥ — 0" + e AM:

Lo = piy" (O +ied,)p — myy)
= Lo— GAM@ZV'UW#
where L is the free-particle Lagrangian density.

® Notice that the canonical momentum 7 = dLp/ 8@& is unchanged, and so the
Hamiltonial density is

Hp = mb — Lp = Ho + Hi
where the interaction Hamiltonian density is

Hr = 614”1%”1?

® In the second-quantized theory H; becomes an operator,



where all the field operators are capable of creating or annihilating particles:

A, = / PN (k)Y [ap(k)epue” "+ al(k)eh,e 7]
P

v = / d*p' N(p')Y " [el (p')ay (0)e ™" + dy (p')0s (p)e™7"]

S/

v = / d*pN(p) Y _[es(p)us(p)e™™ + di(p)vs(p)e™ ]

S

® In first-order perturbation theory, the transition matrix element is

Aps = —i/d% (FIHA)

® Suppose for example that the initial state |i) contains an electron of

momentum p;, spin orientation s;, and a photon of momentum ¢, polarization

R:
iy = ¢t (py)ak(q)]0)
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® Using the (anti)commutation relations for the ¢’s and a’s, the

positive-frequency parts of A and @2 give

AP = e (@)us, (py)e Pt =|0)

® Similarly, if | f) contains an electron of momentum p, spin sy,

f) = &l (p)0)
flo= {0lés, (py)

and hence the negative-frequency part of @AZ gives

(Flo = s, (py)et™re (0|

® Putting everything together, we have

oy A (5) e ) o
FIAGDG A Di) = eyt (P us, (p;)e'Pr 7P

48



which gives

Api = —ie(2m)* 6*(py — pi — @) erulis; (P )" s, (P;)
corresponding to the Feynman rule for the vertex

P.

l

yo

@® Similarly, if the initial and final fermions are positrons, then the term

" ~(+) N
(FIAGD Y AP )
gives the expected result

Api = _i€<27T)4 54<pf — Pi — q) ERuUs, (pi>7'uv8f (Pf)
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