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Motivation 
Framework & the heavy top-quark limit 
Gluon fusion 

(HJ) Higgs boson + jet production history 

(HH) Di-Higgs boson production history   

NLO (2-loop) calculation including the full top-quark mass  
Numerical multi-loop calculations  

Sector decomposition  

Quasi-Monte Carlo integration 

Results & comparisons 
HJ & HH 
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Higgs physics has transformed from discovery to precision study

At moderate/large pT: 
• Particles in the loop can be resolved 
• May disentangle modified top quark Yukawa 

coupling from (BSM) point-like         coupling

?
ggH
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Data are becoming more precise also 
for more differential observables 

CMS 17: Search for boosted
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Figure 2: The mSD distributions in data for the failing (left) and passing (right) regions and
combined pT categories. The QCD multijet background in the passing region is predicted using
the failing region and the pass-fail ratio Rp/f. The features at 166 and 180 GeV in the mSD
distribution are due to the kinematic selection on r, which affects each pT category differently.
In the bottom panel, the ratio of the data to its statistical uncertainty, after subtracting the
nonresonant backgrounds, is shown.
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Figure 3: Profile likelihood test statistic �2D logL scan in data as a function of the Higgs and
Z bosons signal strengths (µH, µZ).

Table 2: Fitted signal strength, expected and observed significance of the Higgs and Z boson
signal. The 95% confidence level upper limit (UL) on the Higgs boson signal strength is also
listed.

H H no pT corr. Z
Observed signal strength 2.3+1.8

�1.6 3.2+2.2
�2.0 0.78+0.23

�0.19
Expected UL signal strength < 3.3 < 4.1 —
Observed UL signal strength < 5.8 < 7.2 —
Expected significance 0.7s 0.5s 5.8s
Observed significance 1.5s 1.6s 5.1s

�(H ! bb̄) = 74± 48(stat)�10
+17(syst) fb
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pT > 450 GeV
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Standard Model Higgs Lagrangian:

EW symmetry breaking

Higgs pair production probes 
triple-Higgs coupling

V (�) = �µ2(�†�) + �(�†�)2L � �V (�),

µ2 = �v2

m2
H

= 2�v2
V (H) =

1

2
m

2
H
H

2 + �vH
3 +

�

4
H

4
,

SM: self-couplings 
determined by mH , v

Higgs self-coupling not yet measured! 
Extremely challenging to measure at 
LHC due to           cross section and 
difficult backgrounds

O(fb)

Motivation - Higgs self-coupling
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ATLAS-CONF-2018-043

HH extremely challenging to measure, combining 

Several other promising ideas to obtain limits on     :

Electroweak corrections 
to single H production 
(also VBF, VH)

Modification of precision EW observables  
(EW oblique corrections) S, T

Gorbahn, Haisch 16;  Bizoń, Gorbahn, Haisch, 
Zanderighi 16; Degrassi, Giardino, Maltoni, 
Pagani 16; Maltoni, Pagani, Shivaji, Zhao 17; 
Di Vita, Grojean, Panico, Riembau, Vantalon 17

Degrassi, Fedele, Giardino 17;  
Kribs, Maier, Rzehak, Spannowsky, Waite 17; Z Z

h

h

h h

(a)

W± W±

W± W±

h h

h

(b)

�Z

�± �±

h

(c)

� �

�± �±

W⌥

h

(d)

Figure 1: Example Feynman diagrams for the (a) ZZ, (b) WW , (c) Z� and (d) �� two-

loop self-energies. The square represents a vertex where there is a contribution from the

dimension-6 operator.

Contributions to S and T involving the dimension-6 operator O6 first appear at the

two-loop level. At this order in perturbation theory, self-energy diagrams containing both

trilinear and quartic Higgs self-interactions appear, which due to their modifications from

c̄6 outlined above, are manifest as non-zero corrections to S and T . However, as we

will see later, contributions from the quartic Higgs self-interaction exactly cancel in these

observables. It is also important to note that at this order in perturbation theory, there

are no vertex or box diagrams that depend on c̄6 involving light external fermions (i.e.,

light enough that their Yukawa coupling can be neglected). Since two-loop corrections to

vertex or box diagrams involving both c̄6 and heavy external fermions do not enter the

electroweak observables, the relevant two-loop c̄6 contributions to the self-energies must be

separately gauge-invariant.

3.1 Self-energy diagrams

To evaluate the electroweak oblique parameters S and T , all two-loop self-energy diagrams

involving corrections from c̄6 need to be calculated. From the definitions of S and T , all

SM contributions are subtracted and so only terms proportional to c̄6 and c̄
2
6 can remain.

Working in the Feynman gauge, and discarding all two-loop diagrams that do not contain

a contribution from c̄6, there are 26 diagrams for ZZ, 26 for WW , 5 for Z� and 5 for ��.

– 5 –

Data & Constraints

bb̄bb̄, bb̄⌧+⌧�, bb̄��
<latexit sha1_base64="tY3Fyl7Jb/UqYUM806Gg4jWIbLI=">AAACJXicbZBNSwMxEIaz9avWr1WPXoJFENSyK4IeRApePFawH9DWMpumbWiSXZKsUJb+GS/+FS8eLCJ48q+Ybluo1YFMHt6ZIZk3iDjTxvO+nMzS8srqWnY9t7G5tb3j7u5VdBgrQssk5KGqBaApZ5KWDTOc1iJFQQScVoP+7bhefaJKs1A+mEFEmwK6knUYAWOllnsdNAJQSTCc3ad4Rg0D8eNJms/m1C4IAZPccvNewUsD/wV/Cnk0jVLLHTXaIYkFlYZw0Lrue5FpJqAMI5wOc41Y0whIH7q0blGCoLqZpFsO8ZFV2rgTKnukwak6P5GA0HogAtspwPT0Ym0s/lerx6Zz1UyYjGJDJZk81Ik5NiEeW4bbTFFi+MACEMXsXzHpgQJirLE5a4K/uPJfqJwXfMv3F/nizdSOLDpAh+gY+egSFdEdKqEyIugZvaJ3NHJenDfnw/mctGac6cw++hXO9w+eF6Xp</latexit><latexit sha1_base64="tY3Fyl7Jb/UqYUM806Gg4jWIbLI=">AAACJXicbZBNSwMxEIaz9avWr1WPXoJFENSyK4IeRApePFawH9DWMpumbWiSXZKsUJb+GS/+FS8eLCJ48q+Ybluo1YFMHt6ZIZk3iDjTxvO+nMzS8srqWnY9t7G5tb3j7u5VdBgrQssk5KGqBaApZ5KWDTOc1iJFQQScVoP+7bhefaJKs1A+mEFEmwK6knUYAWOllnsdNAJQSTCc3ad4Rg0D8eNJms/m1C4IAZPccvNewUsD/wV/Cnk0jVLLHTXaIYkFlYZw0Lrue5FpJqAMI5wOc41Y0whIH7q0blGCoLqZpFsO8ZFV2rgTKnukwak6P5GA0HogAtspwPT0Ym0s/lerx6Zz1UyYjGJDJZk81Ik5NiEeW4bbTFFi+MACEMXsXzHpgQJirLE5a4K/uPJfqJwXfMv3F/nizdSOLDpAh+gY+egSFdEdKqEyIugZvaJ3NHJenDfnw/mctGac6cw++hXO9w+eF6Xp</latexit><latexit sha1_base64="tY3Fyl7Jb/UqYUM806Gg4jWIbLI=">AAACJXicbZBNSwMxEIaz9avWr1WPXoJFENSyK4IeRApePFawH9DWMpumbWiSXZKsUJb+GS/+FS8eLCJ48q+Ybluo1YFMHt6ZIZk3iDjTxvO+nMzS8srqWnY9t7G5tb3j7u5VdBgrQssk5KGqBaApZ5KWDTOc1iJFQQScVoP+7bhefaJKs1A+mEFEmwK6knUYAWOllnsdNAJQSTCc3ad4Rg0D8eNJms/m1C4IAZPccvNewUsD/wV/Cnk0jVLLHTXaIYkFlYZw0Lrue5FpJqAMI5wOc41Y0whIH7q0blGCoLqZpFsO8ZFV2rgTKnukwak6P5GA0HogAtspwPT0Ym0s/lerx6Zz1UyYjGJDJZk81Ik5NiEeW4bbTFFi+MACEMXsXzHpgQJirLE5a4K/uPJfqJwXfMv3F/nizdSOLDpAh+gY+egSFdEdKqEyIugZvaJ3NHJenDfnw/mctGac6cw++hXO9w+eF6Xp</latexit><latexit sha1_base64="tY3Fyl7Jb/UqYUM806Gg4jWIbLI=">AAACJXicbZBNSwMxEIaz9avWr1WPXoJFENSyK4IeRApePFawH9DWMpumbWiSXZKsUJb+GS/+FS8eLCJ48q+Ybluo1YFMHt6ZIZk3iDjTxvO+nMzS8srqWnY9t7G5tb3j7u5VdBgrQssk5KGqBaApZ5KWDTOc1iJFQQScVoP+7bhefaJKs1A+mEFEmwK6knUYAWOllnsdNAJQSTCc3ad4Rg0D8eNJms/m1C4IAZPccvNewUsD/wV/Cnk0jVLLHTXaIYkFlYZw0Lrue5FpJqAMI5wOc41Y0whIH7q0blGCoLqZpFsO8ZFV2rgTKnukwak6P5GA0HogAtspwPT0Ym0s/lerx6Zz1UyYjGJDJZk81Ik5NiEeW4bbTFFi+MACEMXsXzHpgQJirLE5a4K/uPJfqJwXfMv3F/nizdSOLDpAh+gY+egSFdEdKqEyIugZvaJ3NHJenDfnw/mctGac6cw++hXO9w+eF6Xp</latexit>

O6

h

h

h

�

�

W±

W±

W± W±
O6

h
h

�

�

�±
�±

�±

�±

Figure 2. Left: Example of a 2-loop diagram involving a h3 vertex that in the limit mW � mh

gives rise to h ! �� at O(�). Right: A possible 2-loop graph with a h�+�� vertex. For mh = 0,
diagrams of this type do however not contribute to h ! �� at O(�). For additional explanations
see text.

does not rely on the heavy-quark expansion for what concerns the 2-loop contributions.
Such a computation is however beyond the scope of our article.

In the case of the h ! �� transition, we write

c� =
↵

⇡

✓
c(0)� +

�

(4⇡)2
c(1)�

◆
, (4.7)

where the 1-loop contribution is given by

c(0)� = AW +
X

f

2Nf

C
Q2

f
Af ' �0.82� 0.01 i . (4.8)

Here N q

C
= 3 and N `

C
= 1 are colour factors, the sum runs over all electrically charged

fermions carrying charge Qu = 2/3, Qd = �1/3 and Q` = �1, Af has been introduced
in (4.3) and

AW = �
1

8


2 + 3⌧W + 3⌧W (2� ⌧W ) arctan2

1
p

⌧W � 1

�
, (4.9)

with ⌧W = 4m2
W

/m2
h
. In order to obtain the numerical result in (4.8), we have employed

mW ' 80.4GeV and m⌧ ' 1.777GeV. Numerically, one has furthermore AW ' �1.04,
while in the limit ⌧W ! 1 (⌧W ! 0) the on-shell 1-loop form factor AW tends to the
constant value �7/8 (�1/4). In the infinite mass limit ⌧t,W ! 1, one therefore finds that
c(0)� = �47/72 ' �0.65. Notice that compared to the case of Af the heavy-mass expansion
works less well for AW , but still captures around 85% of the exact 1-loop result. We thus
believe that the hard-mass expansion is also a sufficiently accurate approximation in the
case of the 2-loop corrections to c� involving W± (�±) exchanges.

Since after EWSB the operator O6 modifies both the trilinear Higgs coupling as well as
the coupling between two Higgses and two charged would-be Goldstone bosons

�
see (B.2)

�
,

one naively has to consider 2-loop diagrams that contain both a h3 and a h2�+�� vertex.
A possible graph of each type is depicted in Figure 2. To maintain gauge invariance at the
level of off-shell Green’s functions, we use the ’t Hooft-Feynman version of the background
field gauge for the external photon fields (see e.g. [43]) when calculating these diagrams. In
this gauge there is no �W±�⌥ vertex and as a result all 2-loop graphs involving a h2�+��
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Figure 1. Example of a 2-loop diagram with an insertion of the effective operator O6 that
contributes to the gg ! h amplitude at O(�).

to take the infinite quark-mass limit. In such a case, one arrives at the classic Shifman-
Vainshtein-Zakharov result c(0)g = 1/12 ' 0.083 derived first in [41].

The O(�) correction to the coefficient cg arises from both 2-loop Feynman diagrams
and 1-loop counterterm graphs involving a Higgs wave function renormalisation. To find the
former type of contribution, we apply EFT techniques (see for instance [42] for a non-trivial
application to Higgs production) and employ a hard-mass expansion procedure ⌧t ! 1 to
the full 2-loop diagrams involving a top-quark loop and a h3 vertex that arises from the
insertion of O6. A prototype graph of such a contribution is shown in Figure 1. After
setting mh = 0 and Taylor expanding in the external momenta, this technique reduces the
calculation to the evaluation of 2-loop vacuum bubbles with a single mass scale, which can
all be expressed in terms of Gamma functions (cf. [38]).

The correction proportional to the O(�) contribution to the Higgs wave function renor-
malisation constant

Zh = 1 +
�

(4⇡)2
Z(1)
h

, (4.4)

is instead found from the 1-loop Higgs-boson selfenergy with one and two insertions of O6.
By a straightforward calculation, we obtain the analytic result

Z(1)
h

=
⇣
9� 2

p
3⇡

⌘
c̄6 (c̄6 + 2) . (4.5)

Combining both contributions, we arrive at

c(1)g = �
1

12

✓
1

4
+ 3 ln

µ2
w

m2
t

◆
c̄6 +

Z(1)
h

2
c(0)g , (4.6)

with c(0)g given in (4.2). As a powerful cross-check of our calculation, we have extracted
the O(�) correction to the coefficient cg arising from 2-loop diagrams by matching in ad-
dition the gg ! 2h and gg ! 3h Green’s functions, obtaining in all three cases the exact
same result. Details on the renormalisation of the bare 2-loop gg ! h amplitude can be
found in Appendix C. Given the good convergence of the infinite quark-mass expansion
in the case of c(0)g , we believe that our analytic expression (4.6) should approximate the
full O(�) correction to the on-shell 2-loop form factor quite well. To make this statement
more precise would require an explicit calculation of the relevant gg ! h amplitudes that
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 6.7 �SM
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Limits on     : from (partial) EW corrections to HH
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QCD Factorisation

Focus of this talk will be on the computation of higher order 
perturbative QCD corrections to HJ and HH production at the LHC

PDFs/ Input parameters Hard Scattering 
Matrix Element 
(Focus of this talk)

d� =

Z
dxadxbf(xa)f(xb)d�̂ab(xa, xb)FJ +O ((⇤/Q)m)
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Non-perturbative 
effects ~ few %
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Typically: NLO ~ 10% correction, NNLO ~ 1% correction
With

However, there are important exceptions: 
•Higgs Boson production (NLO ~100%, NNLO ~10%, N3LO ~ 2%) 
•New partonic channels can open (e.g. di-boson production) 

•Distributions can be modified substantially (even if        is stable)
and

�tot
<latexit sha1_base64="4457/o08HzqkIKau+xlfnEEw+RM=">AAACMnicbVDLSsNAFJ34aq2v1i7dBIvgqiQi6EoKblxWsA9oQphMpu3QmSTM3BRDyLe41b0/oztx60c4abOwrQcGDufcO3Pm+DFnCizrw9ja3tndq1T3aweHR8cn9cZpX0WJJLRHIh7JoY8V5SykPWDA6TCWFAuf04E/uy/8wZxKxaLwCdKYugJPQjZmBIOWvHrTUWwisOcIDFMpMogg9+otq20tYG4SuyQtVKLrNYyKE0QkETQEwrFSI9uKwc2wBEY4zWtOomiMyQxP6EjTEAuq3GyRPjcvtBKY40jqE4K5UP9uZFgolQpfTxYh1bpXiP95owTGt27GwjgBGpLlQ+OEmxCZRRVmwCQlwFNNMJFMZzXJFEtMQBe2clMwZ7EqUz8vY6+kUPrTUxrkNV2dvV7UJulftW2rbT9etzp3ZYlVdIbO0SWy0Q3qoAfURT1EUIpe0Ct6M96NT+PL+F6ObhnlThOtwPj5Bdp1qwU=</latexit><latexit sha1_base64="4457/o08HzqkIKau+xlfnEEw+RM=">AAACMnicbVDLSsNAFJ34aq2v1i7dBIvgqiQi6EoKblxWsA9oQphMpu3QmSTM3BRDyLe41b0/oztx60c4abOwrQcGDufcO3Pm+DFnCizrw9ja3tndq1T3aweHR8cn9cZpX0WJJLRHIh7JoY8V5SykPWDA6TCWFAuf04E/uy/8wZxKxaLwCdKYugJPQjZmBIOWvHrTUWwisOcIDFMpMogg9+otq20tYG4SuyQtVKLrNYyKE0QkETQEwrFSI9uKwc2wBEY4zWtOomiMyQxP6EjTEAuq3GyRPjcvtBKY40jqE4K5UP9uZFgolQpfTxYh1bpXiP95owTGt27GwjgBGpLlQ+OEmxCZRRVmwCQlwFNNMJFMZzXJFEtMQBe2clMwZ7EqUz8vY6+kUPrTUxrkNV2dvV7UJulftW2rbT9etzp3ZYlVdIbO0SWy0Q3qoAfURT1EUIpe0Ct6M96NT+PL+F6ObhnlThOtwPj5Bdp1qwU=</latexit><latexit sha1_base64="4457/o08HzqkIKau+xlfnEEw+RM=">AAACMnicbVDLSsNAFJ34aq2v1i7dBIvgqiQi6EoKblxWsA9oQphMpu3QmSTM3BRDyLe41b0/oztx60c4abOwrQcGDufcO3Pm+DFnCizrw9ja3tndq1T3aweHR8cn9cZpX0WJJLRHIh7JoY8V5SykPWDA6TCWFAuf04E/uy/8wZxKxaLwCdKYugJPQjZmBIOWvHrTUWwisOcIDFMpMogg9+otq20tYG4SuyQtVKLrNYyKE0QkETQEwrFSI9uKwc2wBEY4zWtOomiMyQxP6EjTEAuq3GyRPjcvtBKY40jqE4K5UP9uZFgolQpfTxYh1bpXiP95owTGt27GwjgBGpLlQ+OEmxCZRRVmwCQlwFNNMJFMZzXJFEtMQBe2clMwZ7EqUz8vY6+kUPrTUxrkNV2dvV7UJulftW2rbT9etzp3ZYlVdIbO0SWy0Q3qoAfURT1EUIpe0Ct6M96NT+PL+F6ObhnlThOtwPj5Bdp1qwU=</latexit><latexit sha1_base64="4457/o08HzqkIKau+xlfnEEw+RM=">AAACMnicbVDLSsNAFJ34aq2v1i7dBIvgqiQi6EoKblxWsA9oQphMpu3QmSTM3BRDyLe41b0/oztx60c4abOwrQcGDufcO3Pm+DFnCizrw9ja3tndq1T3aweHR8cn9cZpX0WJJLRHIh7JoY8V5SykPWDA6TCWFAuf04E/uy/8wZxKxaLwCdKYugJPQjZmBIOWvHrTUWwisOcIDFMpMogg9+otq20tYG4SuyQtVKLrNYyKE0QkETQEwrFSI9uKwc2wBEY4zWtOomiMyQxP6EjTEAuq3GyRPjcvtBKY40jqE4K5UP9uZFgolQpfTxYh1bpXiP95owTGt27GwjgBGpLlQ+OEmxCZRRVmwCQlwFNNMJFMZzXJFEtMQBe2clMwZ7EqUz8vY6+kUPrTUxrkNV2dvV7UJulftW2rbT9etzp3ZYlVdIbO0SWy0Q3qoAfURT1EUIpe0Ct6M96NT+PL+F6ObhnlThOtwPj5Bdp1qwU=</latexit>



HTL valid for:                   
HJ: Does not describe well high      region 
HH: 
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Heavy top quark limit (HTL):                  
Introduces effective tree-level coupling between Higgs and gluons 
Lowers the number of loops by 1

mT ! 1

pT
<latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit>

Le↵ � �
�

4
HG

a
µ⌫G

a,µ⌫

� = �
↵s

3⇡v
+O(↵2

s)
<latexit sha1_base64="7tNv37xM9TBz2MeB5ZXOp9f81wk="></latexit><latexit sha1_base64="7tNv37xM9TBz2MeB5ZXOp9f81wk="></latexit><latexit sha1_base64="7tNv37xM9TBz2MeB5ZXOp9f81wk="></latexit><latexit sha1_base64="7tNv37xM9TBz2MeB5ZXOp9f81wk="></latexit>

Heavy top quark limit

2mH <
p
ŝ

p
ŝ ⌧ 2mT

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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1. LO (full       dependence) 

2. NLO  
 Heavy Top Quark Limit 

Approximate       dependence 

Top quark/Bottom quark interference 

3. NNLO Heavy Top Quark Limit 

Ellis, Hinchliffe, Soldate, van der Bij 87 
Baur, Glover 89

de Florian, Grazzini, Kunszt 99; Glosser, Schmidt 02; 
Ravindran, Smith, van Neerven 02

Harlander, Neumann, Ozeren, Wiesemann 12; Neumann, Wiesemann 14; Buschmann, 
Goncalves, Kuttimalai, Schonherr, Krauss, Plehn 14;  Frederix, Frixione, Vryonidou, 
Wiesemann 16; Neumann, Williams 16; Caola, Forte, Marzani, Muselliand, Vita 16; 
Braaten, Zhang, Zhang 17; Lindert, Kudashkin, Melnikov, Wever 18; Neumann 18;

Boughezal, Caola, Melnikov, Petriello, Schulze 13, 14; Chen, 
(Martinez,) Gehrmann, Glover, Jaquier 14, 16; Boughezal, 
Focke, Giele, Liu, Petriello 15; Bizon, Chen, Gehrmann-De 
Ridder, Gehrmann, Glover, Huss, Monni, Re, Rottoli, Torrielli 18

(Lindert,) Melnikov, Tancredi, Wever 16, 17; 
Caola, Lindert, Melnikov, Monni, Tancredi, Wever 18

K≈1.8

K≈1.2

mT
<latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit>

mT
<latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit>

HJ Production History



1. LO (full       dependence) 

2. NLO 
 Heavy Top Quark Limit 

Approximate       dependence 

3. NNLO Heavy Top Quark Limit 

Approximate       dependence 

4. (Partial) N3LO Heavy Top Quark Limit 
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Glover, van der Bij 88

Dawson, Dittmaier, Spira 98

Grigo, Hoff, Melnikov, Steinhauser 13; Grigo, Hoff 14; 
Grigo, Hoff, Steinhauser 15; Maltoni, Vryonidou, Zaro 14;

mT
<latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit>

K≈1.9

mT
<latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit>

de Florian, Mazzitelli 13; Grigo, Melnikov, Steinhauser 14; 
Shao, Li, Li, Wang 13; de Florian, Mazzitelli 15; de Florian, 
Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, Mazzitelli, 
Rathlev 16

K≈1.2

Banerjee, Borowka, Dhani, Gehrmann, Ravindran 18

Grigo, Hoff, Steinhauser 15;

mT
<latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit><latexit sha1_base64="P7k8zELodxULl9YMBFH4enWw4pM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDk8yQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnKChDNtXPfbKaytb2xuFbdLO7t7+wflw6OWjlNFaJPEPFaPAdaUM0mbhhlOHxNFsQg4bQfD26nfHlGlWSwbZpxQX+C+ZBEj2FjpQfQavXLFrbozoFXi5aQCOeq98k83jEkqqDSEY607npsYP8PKMMLppNRNNU0wGeI+7VgqsaDaz2ZRJ+jMKiGKYmWPNGim/t3IsNB6LAI7KbAZ6GVvKv7ndVITXfsZk0lqqCTzh6KUIxOj6b9RyBQlho8twUQxmxWRAVaYGNvOwk3hiCU6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUWPm3Q=</latexit>

HH Production History



Calculation
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The Goal

gg ! H

Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Reducible
Degrassi, Giardino, 
Gröber 16

Non-planar

NLO QCD corrections to HJ/HH production with full top quark mass: 
≤7 propagator, 4-point, 2-loop diagrams, 4 mass scales (                    )

HH:                                                  HJ:

Gehrmann, Guns, Kara 15;H ! Z�

Planar

s, t,mT ,mH
<latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit><latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit><latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit><latexit sha1_base64="RcbeMexFGuyF0sqoYwdupjjN3SM=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEF6XMiKArKbjpskJv0I4lk2ba0CQzJBmlDH0PNy4Uceu7uPNtzLSz0NYDCR//fw45+YOYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5nceqdIskk0zjakv8EiykBFsrPSgK8hUkBg0s6s+KJXdqjsvtApeDmXIqzEoffWHEUkElYZwrHXPc2Pjp1gZRjidFfuJpjEmEzyiPYsSC6r9dL71DJ1bZYjCSNkjDZqrvydSLLSeisB2CmzGetnLxP+8XmLCGz9lMk4MlWTxUJhwZCKURYCGTFFi+NQCJorZXREZY4WJsUEVbQje8pdXoX1Z9SzfX5Vrt3kcBTiFM7gAD66hBnVoQAsIKHiGV3hznpwX5935WLSuOfnMCfwp5/MHN8iRAQ==</latexit>

Bonciani, Del Duca, Frellesvig, Henn, Moriello, 
Smirnov 16; (See also Primo, Tancredi 16)

Planar

Non-planar



What makes these processes so difficult to calculate? 

One traditional method: 

1. Decompose amplitude into form factors & construct projectors (minutes) 

2. Generate Feynman diagrams (seconds) 

3. Apply projectors & compute amplitude (hours/days) 

4. Integral reduction (6+ months) 

5. Compute master integrals (analytic: challenging,  numeric: ~seconds/hours) 

6. Generate events & compute (differential) cross-section  

     (analytic: seconds?, numeric: ~hours/days) 

We applied this method (computing the integrals numerically) to both HH and HJ. 

Let us take a closer look at these steps for the case of HJ…
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The Difficulty



Expose tensor structure: 

 13

Mµ⌫⌧
physical = F212T

µ⌫⌧
212 + F332T

µ⌫⌧
332 + F311T

µ⌫⌧
311 + F312T

µ⌫⌧
312

<latexit sha1_base64="7SI+jUcvO1Zy4ZeYNGS7VoenlaM="></latexit><latexit sha1_base64="7SI+jUcvO1Zy4ZeYNGS7VoenlaM="></latexit><latexit sha1_base64="7SI+jUcvO1Zy4ZeYNGS7VoenlaM="></latexit><latexit sha1_base64="7SI+jUcvO1Zy4ZeYNGS7VoenlaM="></latexit>

Tµ⌫⌧
212 =(s12g

µ⌫ � 2pµ2p
⌫
1)(s23p

⌧
1 � s13p

⌧
2)/(2s13)

Tµ⌫⌧
332 =(s23g

⌫⌧ � 2p⌫3p
⌧
2)(s13p

µ
2 � s12p

µ
3 )/(2s12)

Tµ⌫⌧
311 =(s13g

⌧µ � 2p⌧1p
µ
3 )(s12p

⌫
3 � s23p

⌫
1)/(2s23)

Tµ⌫⌧
312 =

⇣
gµ⌫(s23p

⌧
1 � s13p

⌧
2) + g⌫⌧ (s23p

µ
2 � s12p

µ
3 ) + g⌧µ(s12p

⌫
3 � s23p

⌫
1) + 2pµ3p

⌫
1p

⌧
2 � 2pµ2p

⌫
3p

⌧
1

⌘
/2

<latexit sha1_base64="Opl1ao6FWlUh+8JsYl1PrlCUjQA="></latexit><latexit sha1_base64="Opl1ao6FWlUh+8JsYl1PrlCUjQA="></latexit><latexit sha1_base64="Opl1ao6FWlUh+8JsYl1PrlCUjQA="></latexit><latexit sha1_base64="Opl1ao6FWlUh+8JsYl1PrlCUjQA="></latexit>

M = ✏µ(p1)✏⌫(p2)✏⌧ (p3)Mµ⌫⌧
<latexit sha1_base64="7cTIDYHdhbb5j5Q16JX8ZSg5H+g="></latexit><latexit sha1_base64="7cTIDYHdhbb5j5Q16JX8ZSg5H+g="></latexit><latexit sha1_base64="7cTIDYHdhbb5j5Q16JX8ZSg5H+g="></latexit><latexit sha1_base64="7cTIDYHdhbb5j5Q16JX8ZSg5H+g="></latexit>

F311(s23, s12, s13) = F332(s13, s23, s12) = F212(s12, s13, s23)

F312(s23, s12, s13) = F312(s13, s23, s12) = F312(s12, s13, s23)
<latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit><latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit><latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit><latexit sha1_base64="wlRGj2OTEJE7PDYd1TiGE2OT61g="></latexit>

Choose tensor basis (constructed from external momenta & metric):

With this choice form factors are gauge invariant and related by cyclic permutations:

Note: Need to generate code only for 2 form factors and use it to compute all 
In reality we generate code for all form factors and use this symmetry as a cross-check

Thanks: Glover, Frellesvig 

Form Factors (Contain integrals)

Build projectors     such that:                               , etc…P
<latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit><latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit><latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit><latexit sha1_base64="55CKODJvuKmdRudQqH8GItdE/R8=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUJcFNy5bsA9oB8lkbtvQTGZIMsUy9Ad0q//hTtz6F/6GX2DazsJWDwQO59ybnJwgEVwb1/1yChubW9s7xd3S3v7B4VH5+KSt41QxbLFYxKobUI2CS2wZbgR2E4U0CgR2gvHt3O9MUGkey3szTdCP6FDyAWfUWKnZeChX3Kq7APlLvJxUIIed/+6HMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZmA6xZ6mkEWo/WwSdkQurhGQQK3ukIQv190ZGI62nUWAnI2pGet2bi/95vdQMbvyMyyQ1KNnyoUEqiInJ/Nck5AqZEVNLKFPcZiVsRBVlxnazclM44YnOUz8uY5dsSd56JX9J+6rquVWveV2p1/K6inAG53AJHtSgDnfQgBYwQHiGF3h1npw35935WI4WnHznFFbgfP4AotOaiQ==</latexit>

P 212
µ⌫⌧Mµ⌫⌧ = F212

<latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit><latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit><latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit><latexit sha1_base64="IoxQcOyZqb9/AN2Hul+wZmv1reM="></latexit>

sij = (pi + pj)
2

<latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit><latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit><latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit><latexit sha1_base64="hGF9/5QlzXlh96b314PHEzLbO50=">AAACHXicbVDLSsNAFJ3UV62v+Ni5GSxCRShJEepGKLhxWcE+oI1hMpm0006SYWZSrKHfolv9D3fiVvwNv8Bpm4WtHhg4nHPvncPxOKNSWdaXkVtZXVvfyG8WtrZ3dvfM/YOmjBOBSQPHLBZtD0nCaEQaiipG2lwQFHqMtLzh9dRvjYiQNI7u1JgTJ0S9iAYUI6Ul1zySbkoHE3gFS9yl59wdnN1XXLNola0Z4F9iZ6QIMtRd87vrxzgJSaQwQ1J2bIsrJ0VCUczIpNBNJOEID1GPdDSNUEikk87ST+CpVnwYxEK/SMGZ+nsjRaGU49DTkyFSfbnsTcX/vE6igksnpRFPFInw/KMgYVDFcFoF9KkgWLGxJggLqrNC3EcCYaULW7jkjyiXWeqHeeyCLsleruQvaVbKtlW2by+KtWpWVx4cgxNQAjaoghq4AXXQABg8gmfwAl6NJ+PNeDc+5qM5I9s5BAswPn8Ab8Chvw==</latexit>

p1, µ
<latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit><latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit><latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit><latexit sha1_base64="otKSkWEHzfjdjhFQLLbKMGkbiqg=">AAACD3icbVDLSgMxFL1TX7W+qi7dBIvgQsqMCHVZcOOygn1AO5RMJtOGJpkhyRTL0I/Qrf6HO3HrJ/gbfoFpOwvbeiBwOOfe5OQECWfauO63U9jY3NreKe6W9vYPDo/KxyctHaeK0CaJeaw6AdaUM0mbhhlOO4miWASctoPR3cxvj6nSLJaPZpJQX+CBZBEj2Fipk/S9K9QTab9ccavuHGideDmpQI5Gv/zTC2OSCioN4Vjrrucmxs+wMoxwOi31Uk0TTEZ4QLuWSiyo9rN53im6sEqIoljZIw2aq383Miy0nojATgpshnrVm4n/ed3URLd+xmSSGirJ4qEo5cjEaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGaJzlM/LWKXbEneaiXrpHVd9dyq93BTqdfyuopwBudwCR7UoA730IAmEODwAq/w5jw7786H87kYLTj5zikswfn6BVYAnQk=</latexit>

p2, ⌫
<latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit><latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit><latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit><latexit sha1_base64="F5AmwobSySVzY10oOn3kbM5J1IQ=">AAACD3icbVDLSgMxFL3js9ZX1aWbYBFcSJkpQl0W3LisYB/QDiWTybShmUxIMsUy9CN0q//hTtz6Cf6GX2DazsK2Hggczrk3OTmB5Ewb1/12Nja3tnd2C3vF/YPDo+PSyWlLJ6kitEkSnqhOgDXlTNCmYYbTjlQUxwGn7WB0N/PbY6o0S8SjmUjqx3ggWMQINlbqyH71GvVE2i+V3Yo7B1onXk7KkKPRL/30woSkMRWGcKx113Ol8TOsDCOcTou9VFOJyQgPaNdSgWOq/Wyed4ourRKiKFH2CIPm6t+NDMdaT+LATsbYDPWqNxP/87qpiW79jAmZGirI4qEo5cgkaPZ5FDJFieETSzBRzGZFZIgVJsZWtHRTOGZS56mfFrGLtiRvtZJ10qpWPLfiPdyU67W8rgKcwwVcgQc1qMM9NKAJBDi8wCu8Oc/Ou/PhfC5GN5x85wyW4Hz9AllOnQs=</latexit>

p3, ⇢
<latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit><latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit><latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit><latexit sha1_base64="avUeR0c4UaybwCCYRmmTKrtoEoA=">AAACEHicbVDLTgIxFO3gC/GFunTTSExcGDKjJrgkceMSE3kYmJBOpwMNfaXtEAnhJ3Sr/+HOuPUP/A2/wAKzEPAkTU7Oubc9PZFi1Fjf//Zya+sbm1v57cLO7t7+QfHwqGFkqjGpY8mkbkXIEEYFqVtqGWkpTRCPGGlGg9up3xwSbagUD3akSMhRT9CEYmSd9Ki6Vxewo/uyWyz5ZX8GuEqCjJRAhlq3+NOJJU45ERYzZEw78JUNx0hbihmZFDqpIQrhAeqRtqMCcWLC8SzwBJ45JYaJ1O4IC2fq340x4saMeOQmObJ9s+xNxf+8dmqTm3BMhUotEXj+UJIyaCWc/h7GVBNs2cgRhDV1WSHuI42wdR0t3BQPqTJZ6qd57IIrKViuZJU0LsuBXw7ur0vVSlZXHpyAU3AOAlABVXAHaqAOMODgBbyCN+/Ze/c+vM/5aM7Ldo7BAryvXyn4nXw=</latexit>

Form Factor Decomposition (HJ Gluon)
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Z
ddpi

@

@pµi
[qµ I0(p1, . . . , pl; k1, . . . , km)] = 0

Integration by parts Identities:

Produce linear relations between integrals Tkachov 81; Chetyrkin 81

Can perform e.g. Gaussian elimination on system of equations 
Relate integrals to a smaller set of Master integrals

loop/external momentum

Example:

D1 = p2

D2 = (p+ k1)
2

D3 = (p+ k1 + k2)
2

sI102 + (d� 3)I101 = 0

sI201 + (d� 3)I101 = 0

k21 = k22 = 0, k23 = s

) I111 =
�2(d� 3)

s(d� 4)
I101

I↵1↵2↵3 =

Z
ddp

i⇡d/2

1

D↵1
1 D↵2

2 D↵3
3 (d� 4)I111 � I102 � I201 = 0

IBP Identities:

Reduction (IBPs)



F1 F3F2
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Channel #Diagrams @ 2-loop

354

57

Quark and gluon channel 
integrals belong to same 

integral families

gggH
<latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit><latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit><latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit><latexit sha1_base64="zmICFh0umv54e12Ffq4G84cXeP8=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuOmygn1AO5RMJjMNzWSGJFMsQz9Bt/of7sStH+Fv+AVm2lnY1gOBwzn3JifHSzhT2ra/rdLG5tb2Tnm3srd/cHhUPT7pqDiVhLZJzGPZ87CinAna1kxz2kskxZHHadcb3+d+d0KlYrF41NOEuhEOBQsYwTqXwjBsDqs1u27PgdaJU5AaFGgNqz8DPyZpRIUmHCvVd+xEuxmWmhFOZ5VBqmiCyRiHtG+owBFVbjbPOkMXRvFREEtzhEZz9e9GhiOlppFnJiOsR2rVy8X/vH6qg1s3YyJJNRVk8VCQcqRjlH8c+UxSovnUEEwkM1kRGWGJiTb1LN3kT1iiitRPi9gVU5KzWsk66VzVHbvuPFzXGndFXWU4g3O4BAduoAFNaEEbCIzgBV7hzXq23q0P63MxWrKKnVNYgvX1CwRrm9s=</latexit>

qq̄gH
<latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit><latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit><latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit><latexit sha1_base64="DXLmJ71FmHLKSq2aPX9ffiBHW1g=">AAACEXicbVDLTgIxFL2DL8QX6tJNIzFxRWaMCa4MiRuWmMgjwoR0Oh1o6HSGtkMkE75Ct/of7oxbv8Df8AssMAsBT9Lk5Jx729PjxZwpbdvfVm5jc2t7J79b2Ns/ODwqHp80VZRIQhsk4pFse1hRzgRtaKY5bceS4tDjtOUN72Z+a0ylYpF40JOYuiHuCxYwgrWRHkddD8t0NO3XesWSXbbnQOvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQin00I3UTTGZIj7tGOowCFVbjpPPEUXRvFREElzhEZz9e9GikOlJqFnJkOsB2rVm4n/eZ1EBzduykScaCrI4qEg4UhHaPZ95DNJieYTQzCRzGRFZIAlJtqUtHSTP2axylI/LWIXTEnOaiXrpHlVduyyc39dqt5mdeXhDM7hEhyoQBVqUIcGEBDwAq/wZj1b79aH9bkYzVnZzikswfr6BTzhnrQ=</latexit>

HJ Integral Families
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Melnikov, Tancredi, Wever 16

All 2-loop HJ integrals can be written in terms of 3 integral families:

IFj
↵1,...,↵9

=

Z
ddk1

Z
ddk2

1

D↵1
1 · · ·D↵9

9
<latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit><latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit><latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit><latexit sha1_base64="36Hnkq4rgUVkOgYKokjGoM+bbrM="></latexit>

F1 F2 F3
D1 k21 �m2

T k22 k21 �m2
T

D2 (k1 + p1)2 �m2
T (k2 + p1)2 (k1 + p1)2 �m2

T
D3 (k1 � p2)2 �m2

T (k2 � p2)2 (k1 � p2 � p3)2 �m2
T

D4 (k1 � p2 � p3)2 �m2
T (k2 � p2 � p3)2 k22 �m2

T
D5 k22 �m2

T k21 �m2
T (k2 + p1)2 �m2

T
D6 (k2 + p1)2 �m2

T (k1 + p1)2 �m2
T (k2 � p3)2 �m2

T
D7 (k2 � p2)2 �m2

T (k1 � p2)2 �m2
T (k1 � k2)2

D8 (k2 � p2 � p3)2 �m2
T (k1 � p2 � p3)2 �m2

T (k1 � k2 � p2)2

D9 (k1 � k2)2 (k1 � k2)2 �m2
T (k1 � k2 � p2 � p3)2

<latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit><latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit><latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit><latexit sha1_base64="m2B1zHjTJsZ5C2S7aaAlEqhDWYY="></latexit>

Integrals written as:

HJ Integral Families (II)



Reduced Amplitude 
• 458 Integrals 
• Up to 6 master integrals per 

sector, e.g: 

Sector also known to be elliptic
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Full IBP reduction achieved with (modified) Reduze2
Chetyrkin, Tkachov 81; Laporta 01; von Manteuffel, Studerus 12

Unreduced Amplitude 
• 3767 Integrals 
• Up to 3 inverse propagators for 

7-propagator integrals 
• Up to 4 inverse propagators for 

factoring 6-propagator integrals

Frellesvig, Loops & Legs 2018

HJ Integral Reduction



 18

Reduze2 Modifications: 
• Change order of solving system of equations, sort by number of 

unreduced integrals (prefer fewer) 
• Specify list of required integrals, consider only equations containing 

these integrals 
• Improve mechanism for pausing/resuming reductions

Reduction achieved using 2 different setups:

Symbolic mass dependence 

Reduction directory size: 1.1 TB 
Can include 

Fix mass ratio 

Reduction directory size: 0.25 TB 
Can not include 

m2
H

m2
T

=
12

23
!

<latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit><latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit><latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit><latexit sha1_base64="O9mywjwydZNeUX4MqXkVelRNVyQ="></latexit>

mH = 125 GeV

mT = 173.055 GeV
<latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit><latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit><latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit><latexit sha1_base64="PfzDj7NHo/jbGWJg7uH9j2ZE0wY="></latexit>

mB ,�T
<latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit>

mB ,�T
<latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit><latexit sha1_base64="puDji/w/QJ8yINnPtuXCvzHN66M=">AAACFHicbVDLSgMxFL1TX7W+qi7dBIvgQsqMCLqSogtdVugL2mHIZDJtaDIzJpliKf0N3ep/uBO37v0Nv8C0nYVtPRA4nHPvzeH4CWdK2/a3lVtZXVvfyG8WtrZ3dveK+wcNFaeS0DqJeSxbPlaUs4jWNdOcthJJsfA5bfr924nfHFCpWBzV9DChrsDdiIWMYG0kV3g3Z6hzh4XAXs0rluyyPQVaJk5GSpCh6hV/OkFMUkEjTThWqu3YiXZHWGpGOB0XOqmiCSZ93KVtQyMsqHJH09BjdGKUAIWxNC/SaKr+3RhhodRQ+GZSYN1Ti95E/M9rpzq8ckcsSlJNIzL7KEw50jGaNIACJinRfGgIJpKZrIj0sMREm57mLgUDlqgs9dMsdsGU5CxWskwa52XHLjsPF6XKdVZXHo7gGE7BgUuowD1UoQ4EHuEFXuHNerberQ/rczaas7KdQ5iD9fULBBmfBA==</latexit>

Current calculation 
uses only this result

HJ Integral Reduction (II)



Conventional...Finite Basis...
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(6�2✏)

(s, t) 280 s 1.00⇥ 10�3

(4�2✏)

(s, t) 214135 s 8.29⇥ 10�3

(6�2✏)

(s, t) 294 s 1.21⇥ 10�3

(4�2✏)

(s, t) 3484378 s 30.9

(4�2✏)

(s) 91 s 3.76⇥ 10�4
(4�2✏)

(s) 87 s 3.76⇥ 10�4

(6�2✏)

(s) 17 s 5.15⇥ 10�4

(4�2✏)

(s) 20 s 1.95⇥ 10�4

(6�2✏)

(s) 119 s 2.32⇥ 10�3

(4�2✏)

(s) 118 s 2.12⇥ 10�3

Total/Max: 3995 s 5.84⇥ 10�3 Total/Max: 5136862 s 30.9

Table 2: Numerical performance of finite and conventional integral bases for two-loop

mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using

SecDec 3. For each integral in the above, the run time is given in seconds and the fractional

di↵erence from the analytical solution is given for the expansion coe�cient which first gives

rise to weight four multiple polylogarithms. In the final row of the table, total run times

and worst-case relative accuracies are recorded for both integral bases.

We find that, in several other cases, significantly more mileage can be squeezed out of

publicly available sector decomposition programs simply by working with a well-behaved,

finite integral basis. As a second example, we present the evaluation of three-loop form

factors in massless QCD in Appendix A. We employ the other publicly available program

under active development, FIESTA 4, and observe dramatic gains in both speed and nu-

merical convergence when using a basis of finite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the ↵↵s corrections to Drell-

Yan production with up to a single massive vector boson exchanged. As a reference, we cal-

culated their Laurent expansion through to weight five in terms of multiple polylogarithms

using the method of di↵erential equations. Our representation in terms of real-valued func-

tions allows for fast and precise numerical evaluations over the entire physical region of the

phase space. We found it challenging to even check our analytical solutions using available

sector decomposition programs. Employing a basis of finite integrals systematically im-

proved the situation and rendered all integrals numerically accessible with SecDec 3, both

in Euclidean and physical kinematics. Order of magnitude improvements both in program

run time and integration error were also found for massless three-loop form factor integrals

using FIESTA 4 when using finite instead of conventional master integrals. For the finite

integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional

– 14 –

(6�2✏)

(t) 4 s 4.60⇥ 10�5

(4�2✏)

(t) 7 s 3.45⇥ 10�5

(6�2✏)

(t) 4 s 1.38⇥ 10�5

(4�2✏)

(t) 6 s 8.49⇥ 10�6

(6�2✏)

(t) 9 s 2.76⇥ 10�5

(4�2✏)

(t) 16 s 2.63⇥ 10�5

(6�2✏)

(s) 18 s 1.04⇥ 10�3

(4�2✏)

(s) 41 s 6.47⇥ 10�4

(6�2✏)

(s) 18 s 1.23⇥ 10�4

(4�2✏)

(s) 12 s 4.70⇥ 10�4

(4�2✏)

(t) 9 s 2.13⇥ 10�5

(4�2✏)

(t) 3 s 2.13⇥ 10�5

(4�2✏)

(s) 31 s 7.51⇥ 10�6

(4�2✏)

(s) 17 s 7.51⇥ 10�6

(4�2✏)

(s) 35 s 3.28⇥ 10�5

(4�2✏)

(s) 19 s 3.28⇥ 10�5

(6�2✏)

(s) 36 s 3.94⇥ 10�4

(4�2✏)

(s) 113 s 7.78⇥ 10�4

(6�2✏)

(s, t) 28 s 8.37⇥ 10�4

(4�2✏)

(s, t) 101 s 2.13⇥ 10�3

(6�2✏)

(s, t) 37 s 5.84⇥ 10�3

(4�2✏)

(s, t) 26 s 5.35⇥ 10�4

(6�2✏)

(s, t) 18 s 2.92⇥ 10�3

(4�2✏)

(s, t) 319 s 5.92⇥ 10�2

(6�2✏)

(s, t) 50 s 6.76⇥ 10�4

(4�2✏)

(s, t) 13 s 9.49⇥ 10�4

(8�2✏)

(s, t) 35 s 7.64⇥ 10�4

(4�2✏)

(s, t) 20605 s 9.87⇥ 10�4

(6�2✏)

(s, t) 1609 s 4.39⇥ 10�4
(4�2✏)

(s, t) 564 s 2.04⇥ 10�2

(6�2✏)

(s, t) 202 s 7.31⇥ 10�4

(4�2✏)

(s, t) 96 s 2.35⇥ 10�3

(6�2✏)

(s, t) 201 s 2.34⇥ 10�4

(4�2✏)

(s, t) 384 s 8.12⇥ 10�4

(6�2✏)

(s, t) 150 s 4.83⇥ 10�4

(4�2✏)

(s, t) 56538 s 1.67⇥ 10�2

– 13 –

Always possible to pick finite basis of integrals using: 
• Dimension Shifts 
• Dots 

Finding finite integrals and basis change implemented in Reduze2.1

Finite basis greatly improves numerical performance  
(but requires reduction of integrals with up to 2 inverse props and 2 dots)

von Manteuffel, 
Schabinger 17

Two-loop  
EW-QCD  
Drell-Yan

Rel. 
Err.

Panzer 14; von Manteuffel, Panzer, 
Schabinger 15

Tarasov 96; Lee 10

Finite Basis



Computing the integrals: 
numerical multi-loop computations
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techniques. In section 4.3 we show that employing two auxiliary bases we obtain a two-fold

iterated integral representation of the integral sector.

The highest sector of Family A is IA1,1,1,1,1,1,1,0,0. In this case the homogeneous part

of the differential equations can be cast in canonical form, however they depend via in-

homogeneous terms on the lower elliptic sector. In section 4.4 we write the result as a

three-fold integral. We found these integral representations to be suitable for precise and

reliable numerical evaluations. When implemented in Mathematica the evaluation of both

the elliptic sectors in one Euclidean point takes about 10 minutes using one processor, with

about eight-digit accuracy.

4.1 Sector IA1,1,0,1,1,1,1,0,0

The integral sector IA1,1,0,1,1,1,1,0,0 has four master integrals, shown in fig. 4, which are

expressed in terms of elliptic functions, although its subtopologies do not involve them. We

start by considering the following basis of finite integrals,

h1(x, ϵ) = ϵ4(−x1)
3/2IA1,1,0,1,1,1,1,0,0 ,

h2(x, ϵ) = ϵ4IA2,1,0,1,1,1,1,0,0 ,

h3(x, ϵ) = ϵ3IA1,1,0,1,1,1,2,0,0 ,

h4(x, ϵ) = ϵ4IA1,1,0,1,1,1,1,0,−1 .

(4.1)

We parametrize the integrals through the linear parametrization (3.12), and we define the

differential equations with respect to the new parameter using the chain rule,

∂αh(x(α), ϵ) =
3

∑

i=1

xi ∂xih(x(α), ϵ) , (4.2)

– 11 –
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Most integrals: 
• Canonical basis found 
•             up to weight 2 
• 1-fold integrals at weights 3,4 
• Alphabet with 3 variables, 49 letters, many square roots

Planar integrals contributing to HJ at 2-loop are known analytically
Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov 16; (See also Primo, Tancredi 16)

Two sectors expressed in terms of 
elliptic functions: 
• 2- and 3-fold iterated integrals  
• Elliptic kernel

Non-planar integrals not currently known analytically, but subject to 
ongoing work by other group(s)
Bonciani, Del Duca, Frellesvig, Henn, Moriello, Smirnov, …

log,Li2
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Analytic Results (so far)



Many methods to evaluate Feynman integrals 

Here I will focus on the method of Sector Decomposition, a technique 
which enables dimensionally regulated parameter integrals to be 
integrated numerically 

1) Feynman Parametrise integral and compute momentum integrals 

Here          are 1st, 2nd Symanzik Polynomials 

Have exchanged        -dim. momentum integrals for     param. integrals
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G = (�1)N⌫
�(N⌫ � LD/2)
QN

j=1 �(⌫j)

Z 1

0

NY

j=1

dxj x
⌫j�1
j �(1�

NX

i=1

xi)
UN⌫�(L+1)D/2(~x)

FN⌫�LD/2(~x, sij)

L N

U ,F

Integration

D
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
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2) After integrating out    we are faced with integrals of the form: 

Which may contain overlapping singularities which appear when 
several              simultaneously (corresponding to UV/IR singularities) 

Sector decomposition maps each integral into integrals of the form: 

Polynomials in F.P

Powers depending on ✏
Gi =

Z 1

0

0

@
N�1Y

j=1

dxjx
⌫j�1
j

1

A Ui(~x)expoU(✏)

Fi(~x, sij)expoF(✏)

Gik =

Z 1

0

0

@
N�1Y

j=1

dxjx
aj�bj✏
j

1

A Uik(~x)expoU(✏)

Fik(~x, sij)expoF(✏)

Uik(~x) = 1 + u(~x)

Fik(~x) = �s0 + f(~x)  have no constant termu(~x), f(~x)

Hepp 66; Denner, Roth 96; Binoth, Heinrich 00

xj ! 0

Singularity structure can be read off

�

Sector Decomposition
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One technique Iterated Sector Decomposition repeat: 

If this procedure terminates depends on order of decomposition steps 

An alternative strategy Geometric Sector Decomposition always 
terminates; both strategies are implemented in pySecDec.
Kaneko, Ueda 10; See also: Bogner, Weinzierl 08; Smirnov, Tentyukov 09

Binoth, Heinrich 00 

Overlapping singularity for x1, x2 ! 0

Singularities factorised

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dx2

1

(x1 + x2)2+✏
(✓(x1 � x2) + ✓(x2 � x1))

=

Z 1

0
dx1

Z x1

0
dx2

1

(x1 + x2)2+✏
+

Z 1

0
dx2

Z x2

0
dx1

1

(x1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dt2

x1

(x1 + x1t2)2+✏
+

Z 1

0
dx2

Z 1

0
dt1

x2

(x2t1 + x2)2+✏

=

Z 1

0
dx1

Z 1

0
dt2

x�1�✏
1

(1 + t2)2+✏
+

Z 1

0
dx2

Z 1

0
dt1

x�1�✏
2

(t1 + 1)2+✏

Sector Decomposition (II)



 `subtraction’ of
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3) Expand in   (simple case             "Logarithmic Divergence"): 

By Definition:                       finite 

4) Numerically integrate

Key Point: Sector Decomposed integrals can be expanded in   
and numerically integrated✏

a = �1

Finite

Poles

✏

g(0) 6= 0, g(0)

g(0)

Z 1

0
dx�1�b✏g(x) =

g(0)

�b✏
+

Z 1

0
dxx�b✏


g(x)� g(0)

x

�

Sector Decomposition (III)



Goal: select points to minimise 
integration error

Monte Carlo: 
Randomly select sampling points 

Improves slowly with 

Quasi-Monte Carlo 
Select points with low discrepancy 

Poor performance for large 
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Numerical Integration

I[f ] ⌘
Z

[0,1]d
dx f(x) ⇡ Q[f ] =

1

N

NX

i=1

wi f(xi)
<latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit><latexit sha1_base64="SXbbVAJYQm9+bHapQCa3jjCWHGc="></latexit>

" ⌘ |I[f ]�Q[f ]|
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" ⇡ Var[f ]/
p

N, " ⇠ O(N�1/2)
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<latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit><latexit sha1_base64="kInS9dD55GtfhfckvQ0+LzVgDGE=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS+epAX7AW0om+2kXbvZhN2NUEJ/gRcPinj1J3nz37htc9DWFxYe3plhZ94gEVwb1/12CmvrG5tbxe3Szu7e/kH58Kil41QxbLJYxKoTUI2CS2wabgR2EoU0CgS2g/HtrN5+QqV5LB/MJEE/okPJQ86osVbjvl+uuFV3LrIKXg4VyFXvl796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LUoaYTaz+aLTsmZdQYkjJV90pC5+3sio5HWkyiwnRE1I71cm5n/1bqpCa/9jMskNSjZ4qMwFcTEZHY1GXCFzIiJBcoUt7sSNqKKMmOzKdkQvOWTV6F1UfUsNy4rtZs8jiKcwCmcgwdXUIM7qEMTGCA8wyu8OY/Oi/PufCxaC04+cwx/5Hz+AKVfjM4=</latexit>

d
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"  DN ·V[f ], " ⇠ O(logd(N)/N)
<latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit><latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit><latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit><latexit sha1_base64="NmrojoQaf+8PVCCVwP5qMBrn4Do="></latexit>
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- Generating vec.

Quasi-Monte Carlo (Rank 1 Lattices)
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<latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit><latexit sha1_base64="eeNQBSyF4TbLzej8uRwpsc/B8/0="></latexit>
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<latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit><latexit sha1_base64="5JLHZPZwzTPzrcBuBM6foc1RJE0=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4KokIupKCLlxWsA9oQphMJ+3QySTMTJQS+yluXCji1i9x5984abPQ1gMDh3Pu5Z45YcqZ0o7zba2srq1vbFa2qts7u3v7du2go5JMEtomCU9kL8SKciZoWzPNaS+VFMchp91wfF343QcqFUvEvZ6k1I/xULCIEayNFNg1L8Z6FEa5d0O5xtNgHNh1p+HMgJaJW5I6lGgF9pc3SEgWU6EJx0r1XSfVfo6lZoTTadXLFE0xGeMh7RsqcEyVn8+iT9GJUQYoSqR5QqOZ+nsjx7FSkzg0k0VQtegV4n9eP9PRpZ8zkWaaCjI/FGUc6QQVPaABk5RoPjEEE8lMVkRGWGKiTVtVU4K7+OVl0jlruIbfndebV2UdFTiCYzgFFy6gCbfQgjYQeIRneIU368l6sd6tj/noilXuHMIfWJ8/iaGUJw==</latexit>
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Unbiased error estimate computed using (10-50) random shifts

4 Shifts1 Shift

Quasi-Monte Carlo In a Weighted Function Space (QMC) 
First application to sector-decomposed loop integrals:  

                                             or better

Li, Wang, Yan, Zhao 15

"  e� · ||f ||� , " ⇠ O(N�1)
<latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit><latexit sha1_base64="1tcnnvsL5i2z7VW1VXnW7cIh4LQ="></latexit>
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<latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit><latexit sha1_base64="6yfYvZ3jdSgJiQIbwjGS0V6gaEw="></latexit>
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<latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit><latexit sha1_base64="Obwr4zIegA2PmIhJKH6HQvi7tf8="></latexit>
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<latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit><latexit sha1_base64="imIgd/xnLGUUdKGqHbnUEn5O4NA="></latexit>
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<latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit><latexit sha1_base64="leczmSpgrxNhoK4ikNVFnTx+SeQ="></latexit>

Weighted Function Spaces

� 2 (1/(2↵), 1]
<latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit><latexit sha1_base64="6snGqZkI9VI6HrUwMW0JgXTe0UU=">AAACBnicbVDLSsNAFJ3UV42vqksRBotQQWpSBF0W3LisYB/QhHIzmbRDJ5MwMxFK6MqNv+LGhSJu/QZ3/o3Tx0JbDwwczjmXO/cEKWdKO863VVhZXVvfKG7aW9s7u3ul/YOWSjJJaJMkPJGdABTlTNCmZprTTiopxAGn7WB4M/HbD1Qqloh7PUqpH0NfsIgR0EbqlY49bsIhYI8JXHEvKjUPeDqAs3PXt+1eqexUnSnwMnHnpIzmaPRKX16YkCymQhMOSnVdJ9V+DlIzwunY9jJFUyBD6NOuoQJiqvx8esYYnxolxFEizRMaT9XfEznESo3iwCRj0AO16E3E/7xupqNrP2cizTQVZLYoyjjWCZ50gkMmKdF8ZAgQycxfMRmABKJNc5MS3MWTl0mrVnUNv7ss12vzOoroCJ2gCnLRFaqjW9RATUTQI3pGr+jNerJerHfrYxYtWPOZQ/QH1ucP9zqWKA==</latexit>

� 2 (1/2, 1]
<latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit><latexit sha1_base64="vYfkgQyV7hA9SfcFbbX6B7XYmXc=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iELqQmRdBlwY3LCrYWmlAmk0k7dDIJMxOhluKvuHGhiFv/w51/46TNQlsPDBzOOZd75wQpZ0o7zrdVWlldW98ob1a2tnd29+z9g45KMklomyQ8kd0AK8qZoG3NNKfdVFIcB5zeB6Pr3L9/oFKxRNzpcUr9GA8EixjB2kh9+8jjJhxi5DGBau5548z1K3276tSdGdAycQtShQKtvv3lhQnJYio04Vipnuuk2p9gqRnhdFrxMkVTTEZ4QHuGChxT5U9m10/RqVFCFCXSPKHRTP09McGxUuM4MMkY66Fa9HLxP6+X6ejKnzCRZpoKMl8UZRzpBOVVoJBJSjQfG4KJZOZWRIZYYqJNYXkJ7uKXl0mnUXcNv72oNhtFHWU4hhOogQuX0IQbaEEbCDzCM7zCm/VkvVjv1sc8WrKKmUP4A+vzBz35kxE=</latexit>

Norm

Worst-case 
error

↵
<latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit><latexit sha1_base64="3jsET05foXTI+qJ7sJXVrBagfI0=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2i6DHghePFewHtEuZTbNtbDZZkqxQSv+DFw+KePX/ePPfmLZ70NYXAg/vzJCZN0oFN9b3v73CxubW9k5xt7S3f3B4VD4+aRmVacqaVAmlOxEaJrhkTcutYJ1UM0wiwdrR+HZebz8xbbiSD3aSsjDBoeQxp2id1eqhSEfYL1f8qr8QWYcghwrkavTLX72BolnCpKUCjekGfmrDKWrLqWCzUi8zLEU6xiHrOpSYMBNOF9vOyIVzBiRW2j1pycL9PTHFxJhJErnOBO3IrNbm5n+1bmbjm3DKZZpZJunyozgTxCoyP50MuGbUiokDpJq7XQkdoUZqXUAlF0KwevI6tGrVwPH9VaVey+MowhmcwyUEcA11uIMGNIHCIzzDK7x5ynvx3r2PZWvBy2dO4Y+8zx+Gs48I</latexit>

, smoothness

Fourier Coefficient

Review: Dick, Kuo, Sloan 13

Generating vector    precomputed for a fixed number of lattice points, chosen 
to minimise worst-case error Nuyens 07

Sobolev Space 
Functions with square integrable first derivatives 

Korobov Space 
Periodic functions which are    
times differentiable in each variable

" ⇠ O(N�1)
<latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit><latexit sha1_base64="NjY1n7K0fFr0sFiUQ1Jy95//oQw=">AAACDXicbZDLSgMxFIYz9VbrbdSlm2AV6sIyIwVdFty40gr2Ap2xZNJMG5pJhiRTKMO8gBtfxY0LRdy6d+fbmGm70OoPgY//nEPO+YOYUaUd58sqLC2vrK4V10sbm1vbO/buXkuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GF3m9faYSEUFv9OTmPgRGnAaUoy0sXr2kTdGksSKMsGhp2gEvQjpIUYsvckq1/fpqZud9OyyU3Wmgn/BnUMZzNXo2Z9eX+AkIlxjhpTquk6s/RRJTTEjWclLFIkRHqEB6RrkKCLKT6fXZPDYOH0YCmke13Dq/pxIUaTUJApMZ76qWqzl5n+1bqLDCz+lPE404Xj2UZgwqAXMo4F9KgnWbGIAYUnNrhAPkURYmwBLJgR38eS/0DqruoZva+V6bR5HERyAQ1ABLjgHdXAFGqAJMHgAT+AFvFqP1rP1Zr3PWgvWfGYf/JL18Q3gBJtZ</latexit>

" ⇠ O(N�↵)
<latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit><latexit sha1_base64="qIzD86rEGK3jWs/o3rTT7SgAV1s=">AAACEnicbZC7SgNBFIZnvcZ4i1raDAYhKQy7EtAyYGOlEcwFsjGcncwmQ2Znl5nZQFjyDDa+io2FIrZWdr6Ns8kWmvjDwMd/zmHO+b2IM6Vt+9taWV1b39jMbeW3d3b39gsHh00VxpLQBgl5KNseKMqZoA3NNKftSFIIPE5b3ugqrbfGVCoWins9iWg3gIFgPiOgjdUrlN0xSBopxkOBXcUC7AaghwR4cjst3TwkZy7waAjTcq9QtCv2THgZnAyKKFO9V/hy+yGJAyo04aBUx7Ej3U1AakY4nebdWNEIyAgGtGNQQEBVN5mdNMWnxuljP5TmCY1n7u+JBAKlJoFnOtN91WItNf+rdWLtX3YTJqJYU0HmH/kxxzrEaT64zyQlmk8MAJHM7IrJECQQbVLMmxCcxZOXoXlecQzfVYu1ahZHDh2jE1RCDrpANXSN6qiBCHpEz+gVvVlP1ov1bn3MW1esbOYI/ZH1+QM1w528</latexit>

z
<latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit><latexit sha1_base64="s5CdjIgZgvMsPlqfHEQCi0b2P8Q=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KIoN4KXjxWsK3YhrLZvrRLN5uwuxFq6L/w4kERr/4bb/4bN20O2jqwMMy8x86bIBFcG9f9dkorq2vrG+XNytb2zu5edf+greNUMWyxWMTqPqAaBZfYMtwIvE8U0igQ2AnG17nfeUSleSzvzCRBP6JDyUPOqLHSQy+iZhSE2dO0X625dXcGsky8gtSgQLNf/eoNYpZGKA0TVOuu5ybGz6gynAmcVnqpxoSyMR1i11JJI9R+Nks8JSdWGZAwVvZJQ2bq742MRlpPosBO5gn1opeL/3nd1ISXfsZlkhqUbP5RmApiYpKfTwZcITNiYgllitushI2ooszYkiq2BG/x5GXSPqt7lt+e1xpXRR1lOIJjOAUPLqABN9CEFjCQ8Ayv8OZo58V5dz7moyWn2DmEP3A+fwD9kJEV</latexit>

Assign weights      to each subset of dimension�u
<latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit><latexit sha1_base64="XCpTyI5z/pd62SZENaZKGitzJuw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclUQEdVdw47KCfUATws100g6dScLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb27Wd+u7e/sGhfXTcU0kmCe2ShCdyEIKinMW0q5nmdJBKCiLktB9Ob0u//0ilYkn8oPOU+gLGMYsYAW2kwG54YxACAk+AnkQSpkU2C+ym03LmwKvErUgTVegE9pc3SkgmaKwJB6WGrpNqvwCpGeF0VvcyRVMgUxjToaExCKr8Yh5+hs+MMsJRIs2LNZ6rvzcKEErlIjSTZUa17JXif94w09G1X7A4zTSNyeJQlHGsE1w2gUdMUqJ5bggQyUxWTCYggWjTV92U4C5/eZX0Llqu4feXzfZNVUcNnaBTdI5cdIXa6A51UBcRlKNn9IrerCfrxXq3Phaja1a100B/YH3+AGLElTU=</latexit>

u ✓ {1, . . . , d}
<latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit><latexit sha1_base64="HwW+5N+JDptJAFfnVF6lvDhn0B4=">AAACEXicbZC7SgNBFIZnvcZ4i1raDAYhRQi7IqhdwMYygrlANoTZ2bPJkNmLM2eFsOwr2PgqNhaK2NrZ+TZOLoUm/jDw8Z9zmHN+L5FCo21/Wyura+sbm4Wt4vbO7t5+6eCwpeNUcWjyWMaq4zENUkTQRIESOokCFnoS2t7oelJvP4DSIo7ucJxAL2SDSASCMzRWv1RxQ4bDQLFRlubU1amnAeGeuhl1qtSVfoy6Sn0375fKds2eii6DM4cymavRL325fszTECLkkmnddewEexlTKLiEvOimGhLGR2wAXYMRC0H3sulFOT01jk+DWJkXIZ26vycyFmo9Dj3TOdlfL9Ym5n+1borBZS8TUZIiRHz2UZBKijGdxEN9oYCjHBtgXAmzK+VDphhHE2LRhOAsnrwMrbOaY/j2vFy/msdRIMfkhFSIQy5IndyQBmkSTh7JM3klb9aT9WK9Wx+z1hVrPnNE/sj6/AGhW5zQ</latexit>

↵
<latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit><latexit sha1_base64="WodaDU6u3vhf21RxB+uyekM2X0M=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdCDh4IXjxXsB7RLmU3TNjabLElWKEv/gxcPinj1/3jz35i2e9DWFwIP78yQmTdKBDfW97+9wtr6xuZWcbu0s7u3f1A+PGoalWrKGlQJpdsRGia4ZA3LrWDtRDOMI8Fa0fh2Vm89MW24kg92krAwxqHkA07ROqvZRZGMsFeu+FV/LrIKQQ4VyFXvlb+6fUXTmElLBRrTCfzEhhlqy6lg01I3NSxBOsYh6ziUGDMTZvNtp+TMOX0yUNo9acnc/T2RYWzMJI5cZ4x2ZJZrM/O/Wie1g+sw4zJJLZN08dEgFcQqMjud9Llm1IqJA6Sau10JHaFGal1AJRdCsHzyKjQvqoHj+8tK7SaPowgncArnEMAV1OAO6tAACo/wDK/w5invxXv3PhatBS+fOYY/8j5/AIm1jxI=</latexit>
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Periodizing Transforms

Sector decomposed functions are typically continuous and smooth but not periodic 
Functions can be periodized by a suitable change of variables: x = �(u)

<latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit><latexit sha1_base64="rvzjJDWYEIm8JTG/2l5J0J+vJm0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigroQCm5cVrCt0IQymU7aoZMHMxOxhCzc+CtuXCji1o9w5984aSNo64GBM+fcy733eDFnUlnWl1FaWl5ZXSuvVzY2t7Z3zN29jowSQWibRDwStx6WlLOQthVTnN7GguLA47TrjS9zv3tHhWRReKMmMXUDPAyZzwhWWuqbVSfAauT56X124cQjVv/5J9lR36xZDWsKtEjsgtSgQKtvfjqDiCQBDRXhWMqebcXKTbFQjHCaVZxE0hiTMR7SnqYhDqh00+kRGTrUygD5kdAvVGiq/u5IcSDlJPB0Zb6inPdy8T+vlyj/zE1ZGCeKhmQ2yE84UhHKE0EDJihRfKIJJoLpXREZYYGJ0rlVdAj2/MmLpHPcsDW/Pqk1z4s4ylCFA6iDDafQhCtoQRsIPMATvMCr8Wg8G2/G+6y0ZBQ9+/AHxsc3FkiYVA==</latexit>

I[f ] ⌘
Z

[0,1]d
dx f(x) =

Z

[0,1]d
du !d(u)f(�(u))

<latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit><latexit sha1_base64="ahtpeqTCt5Dk8vzElP9eCd5pPsw="></latexit>

�(u) = (�(u1), . . . ,�(ud)), !d(u) =
dY

j=1

!(uj) and !(u) = �0(u)
<latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit><latexit sha1_base64="9zInYFZjUD3vDE/28Gyr8bw2Zp8="></latexit>

Korobov transform: 
Sidi transform: 
Baker transform: 

!(u) = 6u(1� u), �(u) = 3u2 � 2u3

!(u) = ⇡/2 sin(⇡u), �(u) = 1/2(1� cos⇡t)

�(u) = 1� |2u� 1|
<latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit><latexit sha1_base64="8uRSyNNQnqT/Lc7nC5xqku8+iSI="></latexit>
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Scaling

Monte Carlo scaling

Better than ``guaranteed” 
         scalingn�1

<latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit><latexit sha1_base64="x3Zo2coKzR5liecHHR/Xdsrcogo=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuLHMiKArKbhxWcFeoB1LJs20sbkMSUYoQ9/BjQtF3Po+7nwb03YW2vpD4OM/55Bz/ijhzFjf//YKK6tr6xvFzdLW9s7uXnn/oGlUqgltEMWVbkfYUM4kbVhmOW0nmmIRcdqKRjfTeuuJasOUvLfjhIYCDySLGcHWWU35kJ0Fk1654lf9mdAyBDlUIFe9V/7q9hVJBZWWcGxMJ/ATG2ZYW0Y4nZS6qaEJJiM8oB2HEgtqwmy27QSdOKePYqXdkxbN3N8TGRbGjEXkOgW2Q7NYm5r/1Tqpja/CjMkktVSS+UdxypFVaHo66jNNieVjB5ho5nZFZIg1JtYFVHIhBIsnL0PzvBo4vruo1K7zOIpwBMdwCgFcQg1uoQ4NIPAIz/AKb57yXrx372PeWvDymUP4I+/zBykNjtQ=</latexit>

Example:  
Sector Decomposed HJ Integral

Limited by machine 
precision (double)



Accuracy limited by number of function evaluations 
Can accelerate this using Graphics Processing Units (GPUs)

n CPU (s) GPU(s) C/G

655357 6.63 1.60 4.1

7208951 72.3 16.4 4.4

67264993 674.2 152.2 4.4

2 CPUs (20 Cores + HT)
1 GPU

Hyperthreading

4.1x115x
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Cores

2 x Xeon E5-2680v2 (CPU)
1 x Tesla K20Xm (GPU)
Ideal Linear Scaling
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Note:  
1) Plot made for old OpenCL implementation (new CUDA impl. similar) 
2) Performance gain highly dependent on integrand & hardware!
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High Performance Computing



Can improve performance of numerical integrator by flattening 
integrand via a variable transformation

 32

Variance Reduction

I =

Z 1

0
dy f(y) =

Z 1

0
dx p0(x)f(p(x))

<latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit><latexit sha1_base64="4jYwDqflwVPc4HlPaIJCuccQv4k="></latexit>

y = p(x)
<latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit><latexit sha1_base64="8KfmVcAem9aSMLT8Qxh9b6dHyXY=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8Ei1E2ZEUE3SsGNywr2Au1QMmmmjc0kQ5IRh6Hv4MaFIm59H3e+jWk7C239IfDxn3PIOX8Qc6aN6347hZXVtfWN4mZpa3tnd6+8f9DSMlGENonkUnUCrClngjYNM5x2YkVxFHDaDsY303r7kSrNpLg3aUz9CA8FCxnBxlqt9CquPp32yxW35s6ElsHLoQK5Gv3yV28gSRJRYQjHWnc9NzZ+hpVhhNNJqZdoGmMyxkPatShwRLWfzbadoBPrDFAolX3CoJn7eyLDkdZpFNjOCJuRXqxNzf9q3cSEl37GRJwYKsj8ozDhyEg0PR0NmKLE8NQCJorZXREZYYWJsQGVbAje4snL0DqreZbvziv16zyOIhzBMVTBgwuowy00oAkEHuAZXuHNkc6L8+58zFsLTj5zCH/kfP4A24GOoQ==</latexit>

VEGAS: 
Assume integrand separable 
Iteratively approximate         with piecewise linear function 
But: Spoils smoothness of integrand (bad for QMC) 

Alternative: 
Choose a smooth function for        , for example: 

Fit parameters     to inverse cumulative distribution function (CDF)

p(x)
<latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit>

p(x)
<latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit><latexit sha1_base64="0hKsHe5g1CwZ6WCa/cO/AayG66c=">AAAB63icbZDNSgMxFIXv1L9a/6ou3QSLUDdlRgRdScGNywpOW2iHkkkzbWiSGZKMWIa+ghsXirj1hdz5NmbaWWjrgcDHufeSe0+YcKaN6347pbX1jc2t8nZlZ3dv/6B6eNTWcaoI9UnMY9UNsaacSeobZjjtJopiEXLaCSe3eb3zSJVmsXww04QGAo8kixjBJreS+tP5oFpzG+5caBW8AmpQqDWofvWHMUkFlYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPYsSC6qDbL7rDJ1ZZ4iiWNknDZq7vycyLLSeitB2CmzGermWm//VeqmJroOMySQ1VJLFR1HKkYlRfjgaMkWJ4VMLmChmd0VkjBUmxsZTsSF4yyevQvui4Vm+v6w1b4o4ynACp1AHD66gCXfQAh8IjOEZXuHNEc6L8+58LFpLTjFzDH/kfP4AenON1w==</latexit>

ai
<latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit><latexit sha1_base64="0mddyF/Ee2YAD3ivOeTpxH4MWGc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfQkBS8eK9oPaEPZbDft0s0m7E6EEvoTvHhQxKu/yJv/xm2ag7a+sPDwzgw78waJFAZd99spra1vbG6Vtys7u3v7B9XDo7aJU814i8Uy1t2AGi6F4i0UKHk30ZxGgeSdYHI7r3eeuDYiVo84Tbgf0ZESoWAUrfVAB2JQrbl1NxdZBa+AGhRqDqpf/WHM0ogrZJIa0/PcBP2MahRM8lmlnxqeUDahI96zqGjEjZ/lq87ImXWGJIy1fQpJ7v6eyGhkzDQKbGdEcWyWa3Pzv1ovxfDaz4RKUuSKLT4KU0kwJvO7yVBozlBOLVCmhd2VsDHVlKFNp2JD8JZPXoX2Rd2zfH9Za9wUcZThBE7hHDy4ggbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4I+fzBzxUjb0=</latexit>

p(x) = a2 · x
a0 � 1

a0 � x
+ a3 · x

a1 � 1

a1 � x
+ a4 · x+ a5 · x2 +
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i=2

ai

!
· x3

<latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit><latexit sha1_base64="+Iyy5FmYgKahA68W3QuDLHstkM0="></latexit>

p0(x) / |f(p(x))|�1
<latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit><latexit sha1_base64="DGMV20vP6W4bb2EKpUqaLHdPoWs=">AAACDHicbZDLSgMxFIYz9VbrrerSTbAI7cIyI4IuXBTcuKxgL9AbmTTThmaSkGTEMu0DuPFV3LhQxK0P4M63MdPOQlsPBL785xyS//clo9q47reTWVldW9/Ibua2tnd29/L7B3UtIoVJDQsmVNNHmjDKSc1Qw0hTKoJCn5GGP7pO+o17ojQV/M6MJemEaMBpQDEyVurlC7LbloqGpPhQgpaENAJOgqK099KkG59605ydcsvurOAyeCkUQFrVXv6r3Rc4Cgk3mCGtW54rTSdGylDMyDTXjjSRCI/QgLQschQS3YlnZqbwxCp9GAhlDzdwpv7eiFGo9Tj07WSIzFAv9hLxv14rMsFlJ6ZcRoZwPH8oiBi0hpNkYJ8qgg0bW0BYUftXiIdIIWxsfkkI3qLlZaiflT3Lt+eFylUaRxYcgWNQBB64ABVwA6qgBjB4BM/gFbw5T86L8+58zEczTrpzCP6U8/kDjYCZ+Q==</latexit>

s.t.

f(x) = g(x1)g(x2) · · · g(xd)
<latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit><latexit sha1_base64="AYknx7b20CERtTCHULUFFdoHEog=">AAACEnicbVDLSsNAFJ3UV62vqEs3g0VoNiUpgm6UghuXFewDmhAmk0k7dPJgZiItod/gxl9x40IRt67c+TdO0iy09cAMh3Pu5d57vIRRIU3zW6usrW9sblW3azu7e/sH+uFRT8Qpx6SLYxbzgYcEYTQiXUklI4OEExR6jPS9yU3u9x8IFzSO7uUsIU6IRhENKEZSSa5uBA07RHLsBdl0bsArOGpMXcvI/5ZhYz+WopB8w9XrZtMsAFeJVZI6KNFx9S/bj3EakkhihoQYWmYinQxxSTEj85qdCpIgPEEjMlQ0QiERTlacNIdnSvFhEHP1IgkL9XdHhkIhZqGnKvP1xbKXi/95w1QGl05GoySVJMKLQUHKoIxhng/0KSdYspkiCHOqdoV4jDjCUqVYUyFYyyevkl6raSl+d15vX5dxVMEJOAUNYIEL0Aa3oAO6AINH8AxewZv2pL1o79rHorSilT3H4A+0zx/9TpvA</latexit>
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Variance Reduction (II)

1) Pre-sample integrand 
2) In each dimension: fit inverse CDF 
3) Use fit as variable transformation, 
obtain flatter integrand without 
spoiling smoothness

Example: HJ Integral 

Small   : ~ 3x improvement 
Large   : ~ 10x improvement 

QMC Scaling preserved

n
<latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit>

n
<latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit><latexit sha1_base64="sAaUSR0f3EK89aK0VQEy1vgENeA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEepJCl48tmA/oA1ls520azebsLsRSugv8OJBEa/+JG/+G7dtDtr6wsLDOzPszBskgmvjut9OYWNza3unuFva2z84PCofn7R1nCqGLRaLWHUDqlFwiS3DjcBuopBGgcBOMLmb1ztPqDSP5YOZJuhHdCR5yBk11mrKQbniVt2FyDp4OVQgV2NQ/uoPY5ZGKA0TVOue5ybGz6gynAmclfqpxoSyCR1hz6KkEWo/Wyw6IxfWGZIwVvZJQxbu74mMRlpPo8B2RtSM9Wptbv5X66UmvPEzLpPUoGTLj8JUEBOT+dVkyBUyI6YWKFPc7krYmCrKjM2mZEPwVk9eh/ZV1bPcvK7Ub/M4inAG53AJHtSgDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7I+fwB1d+M7g==</latexit>



Code: https://github.com/mppmu/secdec/releases 

Docs: https://secdec.readthedocs.io
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pySecDec: a program to numerically evaluate dimensionally 
regulated parameter integrals (written in python, FORM & c++)

Borowka, Heinrich, Jahn, SJ, Kerner, Schlenk, Zirke
Supports:  
Contour deformation, Arbitrary loops/legs (within reason) 

General parameter integrals (not just loop integrals) 
Arbitrary number of regulators 
Flexible numerators (contracted Lorentz vectors, inverse propagators) 
Generates c++ Library (can be linked to your own program) 

New: Quasi-Monte Carlo integration & CUDA GPU Support
1811.11720;                 Li, Wang, Yan, Zhao 15; Review: Dick, Kuo, Sloan 13;

Soper 99; Binoth, Guillet, Heinrich, Pilon, Schubert 05; Nagy, Soper 06; Anastasiou, Beerli, Daleo 07; 
Beerli 08; Borowka, Carter, Heinrich 12; Borowka 14;

pySecDec

Vermaseren 00; Kuipers, Ueda, Vermaseren 13; Ruijl, Ueda, Vermaseren 17



Putting it all together…



Write integrals with    propagators and   inverse propagators as 

We renormalize strong coupling,   , in       scheme and top quark mass 
in      scheme, each renormalized form factor can be written as: 

Scale variations do not require any re-computation of red terms

Arbitrary scale
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Use Quasi-Monte Carlo (QMC) integration             error scaling 

Implemented in OpenCL, evaluated on GPUs

O(n�1)
Li, Wang, Yan, Zhao 15; Review: Dick, Kuo, Sloan 13;

compute once
integralcoeff.

Entire 2-loop amplitude evaluated with a single code

F =
X
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Dynamically set target precision for each sector, minimising time:

T =
X

i

ti + �̄

 
�2 �

X

i

�2
i

!
, �i ⇠ t�e

i

�̄ � Lagrange multiplier

� � precision goal

�i � error estimate

Amplitude Evaluation
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Real Radiation 
For HJ Known analytically 

We use an upgraded GoSam setup:  

• Generate quadruple precision copy of the code  

• Rescues unstable points on-the-fly with Ninja (quad) 

• OneLoop for scalar integrals 

Implemented in POWHEG-BOX-V2, uses FKS subtraction 

Virtual Phase Space 
1. Apply VEGAS algorithm to LO matrix element 
2. Using LO events generate unweighted events via accept/reject  
For HJ      distribution we include a reweighing factor to sample 
sufficiently also at large transverse momenta

Del Duca, Kilgore, Oleari, Schmidt, Zeppenfeld 01 H

(a)

H

(b)

H

(c)

Figure 1: Samples of Feynman graphs contributing to H + 2 jet production via

gluon fusion.

2 Calculation

In Fig. 1 we have collected a few representative Feynman diagrams that occur in Higgs

production plus two jets, at order α4
s. In our calculation, the top quark is treated as massive

but we neglect all other quark masses, so that the Higgs couples to gluons only via a top-
quark loop. Typically we have a ggH coupling through a triangle loop (Fig. 1 (a)), a

gggH coupling through a box loop (Fig. 1 (b)) and a ggggH one through a pentagon loop
(Fig. 1 (c)).

The number and type of diagrams can be easily traced back if one thinks to insert these
Higgs-gluon “vertices” into the tree-level diagrams for 2→ 2 QCD parton scattering.
In the following counting, we exploit Furry’s theorem, i.e. we are counting as one the two

charge-conjugation related diagrams where the loop momentum is running clockwise and
counter-clockwise. This halves the number of diagrams. In addition, the crossed processes

are not listed as extra diagrams, but are included in the final results.

1. qQ→ qQH There is only one diagram obtained from the insertion of a triangle loop
into the tree-level diagram qQ→ qQ, i.e. Fig. 1 (a).

2. qg→ qgH At tree level, there are 3 diagrams contributing to the process qg→ qg:
one with a three-gluon vertex and two Compton-like ones. Inserting a triangle loop
into every gluon line, we have a total of 7 different diagrams. In addition, we can insert

a box loop into the diagram with the three-gluon vertex, in 3 different ways: the 3!
permutations of the 3 gluons are reduced to 3 graphs by using Furry’s theorem. In

total we have 10 different diagrams for the qg→ qgH contribution.

3. gg→ ggH Four diagrams contribute to the tree-level scattering process gg→ gg: a

four-gluon vertex diagram and 3 diagrams with two three-gluon vertices each. Inserting
a triangle loop in any of the gluonic legs, gives rise to 19 different diagrams. The

3

pT
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Nason 04; Frixione, Nason Oleari 07; Alioli, Nason, Oleari, Re 10; Frixione, Kunszt, Signer 96

Cullen et al. 14

Mastrolia, Mirabella, 
Peraro 12; Peraro 14

van Hameren 11

HJ Phase-Space & Real Radiation
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HJ production HH production

#Form factors 4+2 2

Full reduction ✓ only planar

(quasi-) finite basis ✓ only planar

#Master integrals including crossings 458 327*

#Master integrals neglecting crossings 120 215*

#Integrals after sector decomposition 
and expansion in 𝜺

22675 11244

Code size coefficients ~340 MB ~80 MB

Code size integrals ~330 MB ~580 MB

Compile time coefficients ~2 weeks few days

Compile time integrals ~4 hours ~1-2 days

Time for linking the program ~3-4 days few hours

Slide: Matthias Kerner, Radcor 2017 * HH non-planar not fully reduced

Comparison of HJ and HH



HJ Results
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Note: Non-negligible contribution from top-bottom interference 
known at NLO but not included here
(Lindert,) Melnikov, Tancredi, Wever 16, 17

3

where the sum runs over all final state partons i. This
scale is known to give a good convergence of the pertur-
bative expansion and stable di↵erential K-factors (ratio
of NLO to LO predictions) in the e↵ective theory [68].
To estimate the theoretical uncertainty we vary indepen-
dently µF and µR by factors of 0.5 and 2, and exclude
the opposite variations. The total uncertainty is taken
to be the envelope of this 7-point variation.

To better highlight the di↵erences arising from the two-
loop massive contributions, we compare the new results
with full top-quark mass dependence, which we label as
“full theory result” or simply “full” in the following, to
two di↵erent approximations. In addition to predictions
in the e↵ective theory, which are referred to as HEFT in
the following, we show results in which everything but
the virtual amplitudes is computed with full top-quark
mass dependence. In this latter case only the virtual
contribution is computed in the e↵ective field theory and
reweighted by the full theory Born amplitude for each
phase space point. Following Ref. [69] we call this predic-
tion “approximated full theory” and label it as FTapprox

from now on.
We start by presenting the total cross sections, which

are reported in Table I. For comparison we present re-
sults also for the HEFT and FTapprox approximations.

Theory LO [pb] NLO [pb]

HEFT: �LO = 8.22+3.17
�2.15 �NLO = 14.63+3.30

�2.54

FTapprox: �LO = 8.57+3.31
�2.24 �NLO = 15.07+2.89

�2.54

Full: �LO = 8.57+3.31
�2.24 �NLO = 16.01+1.59

�3.73

Table I. Total cross sections at LO and NLO in the HEFT and
FTapprox approximations and with full top-quark mass depen-
dence. The upper and lower values due to scale variation are
also shown. More details can be found in the text.

Together with the prediction obtained with the central
scale defined according to Eq. (1) we show the upper and
lower values obtained by varying the scales. While at LO
the top-quark mass e↵ects lead to an increase of 4.3%, at
NLO this increase is of the order of 9% compared to the
HEFT approximation, and there is an increase of about
6% in the total NLO cross section when comparing the
FTapprox result with the full theory one. It is important
to keep in mind that when taking into account massive
bottom-quark loop contributions, the interference e↵ects
are sizable and cancel to a large extent the increase in the
total cross section observed here between the HEFT and
the full theory results (see e.g. the results in Ref. [13]).
Note, however, that the bottom-quark mass e↵ects at
LO are of the order of 2% or smaller above the top quark
threshold.

Considering more di↵erential observables, it is well
known that very significant e↵ects due to resolving the
top-quark loop are displayed by the Higgs boson trans-

Figure 1. Higgs boson transverse momentum spectrum at LO
and NLO in QCD in HEFT and with full top-quark mass de-
pendence. The upper panel shows the di↵erential cross sec-
tions, in the middle panel we normalize all distributions to
the LO HEFT prediction and in the lower panel we show the
di↵erential K-factors for both the HEFT and the full theory
distributions. More details can be found in the text.

verse momentum distribution, which is softened for larger
values of pt,H by the full top-quark mass dependence. By
considering the high energy limit of a point-like gluon-
gluon Higgs interaction and one mediated via a quark
loop it is possible to derive the scaling of the squared
transverse momentum distribution d�/dp

2

t,H [70, 71],
which drops as (p2t,H)

�1 in the e↵ective theory, and goes
instead as (p2t,H)

�2 in the full theory. This fact was shown
to hold numerically at LO for up to three jets in Ref. [13].
It is interesting to verify this also after NLO QCD cor-
rections are applied. To do so, in Figure 1 we show the
transverse momentum spectrum of the Higgs boson at
LO and NLO in the HEFT approximation and with the
full top-quark mass dependence.

In the upper panel we display each di↵erential distri-
bution with the theory uncertainty band originating from
scale variation. To highlight the di↵erent scaling in pt,H,
in the middle panel we normalize all the distributions to
the LO curve in the e↵ective theory. It is thus possible
to see that for low transverse momenta the full theory
predictions overshoot slightly the e↵ective theory ones.
For pt,H > 200 GeV the two predictions start deviating
more substantially. At LO the two uncertainty bands do
not overlap any more above 400 GeV, whereas at NLO
this happens already around 340 GeV due to reduction of
the uncertainty at this order. The logarithmic scale also
allows to see that the relative scaling behavior within

mH = 125 GeV,

mT =
p
23/12 mH ⇡ 173.05 GeV

pT,j > 30 GeV, anti�kT R = 0.4,

µ =
HT

2
=

1

2

 q
m

2
H
+ p

2
t,H

+
X

i

|pt,i|
!
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Butterworth et al. 16; Dulat et al. 16; 
Harland-Lang et al. 15; Ball et al. 15
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              : 
Full Born & Reals 
Reweight virtuals event-by-event

FTapprox
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HJ Results: Total Cross Section

+9%
+6% 
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⇠ p�2
T

<latexit sha1_base64="b/1v4hVpR6DT5icy5NYiXAU8GQ8=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scwUQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSrJQ9t+zdX5aqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeNEJ9V</latexit><latexit sha1_base64="b/1v4hVpR6DT5icy5NYiXAU8GQ8=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scwUQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSrJQ9t+zdX5aqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeNEJ9V</latexit><latexit sha1_base64="b/1v4hVpR6DT5icy5NYiXAU8GQ8=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scwUQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSrJQ9t+zdX5aqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeNEJ9V</latexit><latexit sha1_base64="b/1v4hVpR6DT5icy5NYiXAU8GQ8=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scwUQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSrJQ9t+zdX5aqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeNEJ9V</latexit>

⇠ p�4
T

<latexit sha1_base64="Cz6FdD0N9LwQrW4y6NyOAWEZIYc=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scxIQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSvCx7btm7r5SqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeQWp9X</latexit><latexit sha1_base64="Cz6FdD0N9LwQrW4y6NyOAWEZIYc=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scxIQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSvCx7btm7r5SqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeQWp9X</latexit><latexit sha1_base64="Cz6FdD0N9LwQrW4y6NyOAWEZIYc=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scxIQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSvCx7btm7r5SqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeQWp9X</latexit><latexit sha1_base64="Cz6FdD0N9LwQrW4y6NyOAWEZIYc=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4scxIQVdScOOyQl/QjiWTybShSSYmmWIZ+hu61f9wJ27d+xt+gWk7C9t6IHA4596bwwkko9q47reTW1vf2NzKbxd2dvf2D4qHR00dJwqTBo5ZrNoB0oRRQRqGGkbaUhHEA0ZawfB26rdGRGkai7oZS+Jz1Bc0ohgZK/ldTTmUvfpDelGZ9Iolt+zOAFeJl5ESyFDrFX+6YYwTToTBDG nd8Vxp/BQpQzEjk0I30UQiPER90rFUIE60n85CT+CZVUIYxco+YeBM/buRIq71mAd2kiMz0MveVPzP6yQmuvZTKmRiiMDzj6KEQRPDaQMwpIpgw8aWIKyozQrxACmEje1p4VI4olJnqZ/msQu2JG+5klXSvCx7btm7r5SqN1ldeXACTsE58MAVqII7UAMNgMEjeAGv4M15dt6dD+dzPppzsp1jsADn6xeQWp9X</latexit>

               predicts similar      
distribution shape to full theory 

Full theory predicts nearly flat K 
factor at large

pT
<latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit>

~8% increase in tail by including top quark mass dependence in virtuals

pT
<latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit><latexit sha1_base64="3TBbuC0vbAUHDPx4xLGzRv/vgGs=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoCspuHFZsQ+hHUomk2lDM5mQZIpl6B/oVv/Dnbj1J/wNv8C0nYVtPRA4nHNvcnICyZk2rvvtFNbWNza3itulnd29/YPy4VFLJ6kitEkSnqjHAGvKmaBNwwynj1JRHAectoPh7dRvj6jSLBENM5bUj3FfsIgRbKz0IHuNXrniVt0Z0CrxclKBHPVe+acbJiSNqTCEY607niuNn2FlGOF0UuqmmkpMhrhPO5YKHFPtZ7OoE3RmlRBFibJHGDRT/25kONZ6HAd2MsZmoJe9qfif10lNdO1nTMjUUEHmD0UpRyZB03+jkClKDB9bgoliNisiA6wwMbadhZvCEZM6T/00j12yJXnLlayS1kXVc6ve/WWldpPXVYQTOIVz8OAKanAHdWgCgT68wCu8Oc/Ou/PhfM5HC06+cwwLcL5+AUqBm3c=</latexit>

FTapprox
<latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit>

Forte, Muselli 15; Caola, 
Forte, Marzani, Muselli, 
Vita 16;

HJ Results (II): Higgs Boson pT
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Note: K-factor only flat for dynamic scale choice, not for fixed scale

Full NLO result with        
               and         
in good agreement

µ = mH
<latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit><latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit><latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit><latexit sha1_base64="rSDyp+EMzh32Fl8ic8poBV8VxXE=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoBul4KbLCvYh7VAymbQNTTJDkimWoT+hW/0Pd+LWP/A3/ALTdha29UDgcM69yckJYs60cd1vJ7e2vrG5ld8u7Ozu7R8UD48aOkoUoXUS8Ui1AqwpZ5LWDTOctmJFsQg4bQbDu6nfHFGlWSQfzDimvsB9yXqMYGOlx45I0A0S3Wq3WHLL7gxolXgZKUGGWrf40wkjkggqDeFY67bnxsZPsTKMcDopdBJNY0yGuE/blkosqPbTWeAJOrNKiHqRskcaNFP/bqRYaD0WgZ0U2Az0sjcV//Paield+ymTcWKoJPOHeglHJkLT36OQKUoMH1uCiWI2KyIDrDAxtqOFm8IRi3WW+mkeu2BL8pYrWSWNi7Lnlr37y1LlNqsrDydwCufgwRVUoAo1qAMBAS/wCm/Os/PufDif89Gck+0cwwKcr1/xs51f</latexit>

µ = HT /2
<latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit><latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit><latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit><latexit sha1_base64="SmtDQoyggR5XxcdnJm//T7TGf88=">AAACEnicbVDLSgMxFM3UV62vqks3wSK4qjNF0I1ScNNlhb6gHUomk2lD8xiSTLEM/Qvd6n+4E7f+gL/hF5i2s7CtBwKHc+5NTk4QM6qN6347uY3Nre2d/G5hb//g8Kh4fNLSMlGYNLFkUnUCpAmjgjQNNYx0YkUQDxhpB6OHmd8eE6WpFA0ziYnP0UDQiGJkrNTt8QTewVq/cVXpF0tu2Z0DrhMvIyWQod4v/vRCiRNOhMEMad313Nj4KVKGYkamhV6iSYzwCA1I11KBONF+Oo88hRdWCWEklT3CwLn6dyNFXOsJD+wkR2aoV72Z+J/XTUx066dUxIkhAi8eihIGjYSz/8OQKoINm1iCsKI2K8RDpBA2tqWlm8IxjXWW+mkRu2BL8lYrWSetStlzy97jdal6n9WVB2fgHFwCD9yAKqiBOmgCDCR4Aa/gzXl23p0P53MxmnOynVOwBOfrF7ddnbs=</latexit>

With fixed scale                has different shape to full theory 
(overestimates tail)

FTapprox
<latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit><latexit sha1_base64="FaPbQ4dnK1g2Q9UGvU6lX+JMXsg=">AAACJnicbVDdSsMwGE39nfOv6qUIwSF4NVoR9EoGgng5YX+wlZKm6RaWtiFJx0bplS+jt/oe3ol45zP4BKZbBbf5QeDknO/7cnI8zqhUlvVprKyurW9slrbK2zu7e/vmwWFLxonApIljFouOhyRhNCJNRRUjHS4ICj1G2t7wNtfbIyIkjaOGmnDihKgf0YBipDTlmie9EKmBCNO7RuamvxfEuYjHWeaaFatqTQsuA7sAFVBU3TW/e36Mk5BECjMkZde2uHJSJBTFjGTlXiIJR3iI+qSrYYRCIp10+o0MnmnGh0Es9IkUnLJ/J1IUSjkJPd2Z+5SLWk7+p3UTFVw7KY14okiEZw8FCYMqhnkm0KeCYMUmGiAsqPYK8QAJhJVObm6TP6JcFq7HM9tlHZK9GMkyaF1UbatqP1xWajdFXCVwDE7BObDBFaiBe1AHTYDBI3gGL+DVeDLejHfjY9a6YhQzR2CujK8fd/qnzg==</latexit>

HJ Results (III): Different Scale Choices
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Numerical evaluation of virtual amplitude: 
• accuracy goal: 0.5% for each form factor 
• wall-clock limit: 2d GPU-time (Tesla K20X GPU)
Thanks to MPCDF for compute resources

Numerical Uncertainty of Amplitude Accuracy reached for 
• Better than per-mill for most 

points below 
• Region                    

numerically challenging 
• Forward region challenging 

Run time per point: 
• Minimum: 1.3h 
• Median: 15h

|M|2
<latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit><latexit sha1_base64="A4ixllvLnhk3p/aWAlZYYUq9ao8=">AAACGHicbVDLSsNAFL3xWeujUZduBovgqiRF0JUU3LgRKtgHtLFMJpN26OTBzKRY0v6IbvU/3Ilbd/6GX+CkzcK2Hhg4nHPvncNxY86ksqxvY219Y3Nru7BT3N3bPyiZh0dNGSWC0AaJeCTaLpaUs5A2FFOctmNBceBy2nKHN5nfGlEhWRQ+qHFMnQD3Q+YzgpWWemZp0g2wGhDM07vp5LHaM8tWxZoBrRI7J2XIUe+ZP10vIklAQ0U4lrJjW7FyUiwUI5xOi91E0hiTIe7TjqYhDqh00lnwKTrTiof8SOgXKjRT/26kOJByHLh6Mkspl71M/M/rJMq/clIWxomiIZl/5CccqQhlLSCPCUoUH2uCiWA6KyIDLDBRuquFS96IxTJP/TSPXdQl2cuVrJJmtWJbFfv+oly7zusqwAmcwjnYcAk1uIU6NIBAAi/wCm/Gs/FufBif89E1I985hgUYX7+ta6EA</latexit>

mhj = 1.5 TeV
<latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit><latexit sha1_base64="wjbRxB0AFxgycsB3lsfh7smG06c=">AAACIXicbVBPS8MwHE39O+e/qhfBS3AInkYril6UgRePE/YPtlLSNN3ikrYk6XCU+mX0qt/Dm3gTv4WfwHTrwW0+CDze+/2Sl+fFjEplWV/G0vLK6tp6aaO8ubW9s2vu7bdklAhMmjhikeh4SBJGQ9JUVDHSiQVB3GOk7Q1vc789IkLSKGyocUwcjvohDShGSkuuecjddPCQXdvVix7scaQGgqcN0spcs2JVrQngIrELUgEF6q750/MjnHASKsyQlF3bipWTIqEoZiQr9xJJYoSHqE+6moaIE+mkkx9k8EQrPgwioU+o4ET9u5EiLuWYe3oyzyjnvVz8z+smKrhyUhrGiSIhnj4UJAyqCOZ1QJ8KghUba4KwoDorxAMkEFa6tJmb/BGNZZH6cRq7rEuy5ytZJK2zqm1V7fvzSu2mqKsEjsAxOAU2uAQ1cAfqoAkweAIv4BW8Gc/Gu/FhfE5Hl4xi5wDMwPj+Bcr7pCY=</latexit>

mhj � 2 TeV
<latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit><latexit sha1_base64="6JZmto/1uFbgMxUQcYXnxSqxFF8=">AAACI3icbVDLSgMxFM3UV62vqjvdBIvgqswUQVdScOOyQl/QKUMmvW1jk5khyRTLUPBndKv/4U7cuPAn/AIz7Sxs64HA4Zx7k5PjR5wpbdtfVm5tfWNzK79d2Nnd2z8oHh41VRhLCg0a8lC2faKAswAammkO7UgCET6Hlj+6Tf3WGKRiYVDXkwi6ggwC1meUaCN5xRPhJcOHKXYHgCsudgXRQymSOjSnXrFkl+0Z8CpxMlJCGWpe8cfthTQWEGjKiVIdx450NyFSM8phWnBjBRGhIzKAjqEBEaC6yewPU3xulB7uh9KcQOOZ+ncjIUKpifDNZJpRLXup+J/XiXX/upuwIIo1BHT+UD/mWIc4LQT3mASq+cQQQiUzWTEdEkmoNrUt3NQbs0hlqR/nsQumJGe5klXSrJQdu+zcX5aqN1ldeXSKztAFctAVqqI7VEMNRNETekGv6M16tt6tD+tzPpqzsp1jtADr+xdyk6UD</latexit>

HJ Numerical Stability
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MI Basis Change: 
• Consider quasi-finite integrals (prefer finite integrals) 
• Brute force combinations of masters, factor denominators and 

check that dimension factorises (achieved)  
• Prefer simple denominator factors  
• Prefer computing fewer orders in epsilon for each master 
• Prefer simpler numerators (check number of terms/file size)

Numerical Improvements: 
• Improve modular arithmetic implementation (needed for larger 

lattices) 
• Do not try to further evaluate integrals if 
• Adjust time spent integrating when iteration may exceed wall 

clock limit

rel. err. < 10�14
<latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit><latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit><latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit><latexit sha1_base64="4zY3lQcRiBXS23XiOIVS7vhYkt8=">AAACMHicbVDLSgMxFM3UV62vqks3wSK6cZiRgi5ECm5cVrAPaMeSydy2oZkHSaZYhvkEf0a3+h+6Ercu/QLTdgTbeiFwcs69NyfHjTiTyrLejdzS8srqWn69sLG5tb1T3N2ryzAWFGo05KFoukQCZwHUFFMcmpEA4rscGu7geqw3hiAkC4M7NYrA8UkvYF1GidJUp3jc9onqCz8RwM20jX+vIISZ4ktsW/fJqV1OO8WSZVqTwovAzkAJZVXtFL/bXkhjHwJFOZGyZVuRchIiFKMc0kI7lhAROiA9aGkYEB+kk0w+lOIjzXi4Gwp9AoUn7N+JhPhSjnxXd479ynltTP6ntWLVvXASFkSxgoBOH+rGHKsQj9PBHhNAFR9pQKhg2iumfSIIVTrDmU3ekEUyc/0wtV3QIdnzkSyC+plpW6Z9Wy5VrrK48ugAHaITZKNzVEE3qIpqiKJH9Ixe0KvxZLwZH8bntDVnZDP7aKaMrx8K/qnQ</latexit>

See: Matthias Kerner, Loops and Legs Proceedings 2018 

HJ Numerical Stability (II)
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Before basis change: After basis change:

Phase-space points significantly more stable: 
• Good accuracy around top quark threshold 
• Huge improvement in accuracy at larger invariant mass (2-3 TeV) 
• Improvement in the forward region 
Coefficient code size: 340 MB → 100 MB 
Median runtime 15h → <2h

HJ Numerical Stability (III)
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Recomputing unstable points improves fluctuations in tail 
Low fraction of points excluded 3/2004

Before basis change: After basis change:

HJ Results (IV): Higgs Boson pT



Alternatively can consider Higgs boson & top quark masses as small 
Introduce variables: 

Expand integrals to               justified for                                         , 
For example at large
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m2
H
,m2

T
⌧ |s| ⇠ |t| ⇠ |u|

<latexit sha1_base64="IJPflHP0ZftaLYS71AbB9EgSOlM="></latexit><latexit sha1_base64="IJPflHP0ZftaLYS71AbB9EgSOlM="></latexit><latexit sha1_base64="IJPflHP0ZftaLYS71AbB9EgSOlM="></latexit><latexit sha1_base64="IJPflHP0ZftaLYS71AbB9EgSOlM="></latexit>

⌘ = � m2
H

4m2
T

,  = �m2
T

s
, z =

u

s
<latexit sha1_base64="AaGDeIT1Eu0pcd55zA0dCnNU3Ps="></latexit><latexit sha1_base64="AaGDeIT1Eu0pcd55zA0dCnNU3Ps="></latexit><latexit sha1_base64="AaGDeIT1Eu0pcd55zA0dCnNU3Ps="></latexit><latexit sha1_base64="AaGDeIT1Eu0pcd55zA0dCnNU3Ps="></latexit>

O(⌘01)
<latexit sha1_base64="redgO89ud+SSDGtI/uPebQzp0yo=">AAACO3icbVC7SgNBFJ31GeMr0VKLwSBoE3ZF0EoCNnZGMImQjeHu7I0ZMrs7zMyKYUnj19hq74dY24mtvZNkC6MeGDic+5hzTyAF18Z135y5+YXFpeXCSnF1bX1js1TeauokVQwbLBGJuglAo+AxNgw3Am+kQogCga1gcD6ut+5RaZ7E12YosRPBXcx7nIGxUre060dg+gxEdjk68NHArUv9AUgJt95ht1Rxq+4E9C/xclIhOerdsrPshwlLI4wNE6B123Ol6WSgDGcCR0U/1SiBDeAO25bGEKHuZJMzRnTfKiHtJcq+2NCJ+nMig0jrYRTYzrFp/bs2Fv+rtVPTO+1kPJapwZhNP+qlgpqEjjOhIVfIjBhaAkxx65WyPihgxiY3sym851Lnrh+mtmdcaHt0H8NR0Ubn/Q7qL2keVT236l0dV2pneYgFskP2yAHxyAmpkQtSJw3CyCN5Is/kxXl13p0P53PaOufkM9tkBs7XN/pZrWk=</latexit><latexit sha1_base64="redgO89ud+SSDGtI/uPebQzp0yo=">AAACO3icbVC7SgNBFJ31GeMr0VKLwSBoE3ZF0EoCNnZGMImQjeHu7I0ZMrs7zMyKYUnj19hq74dY24mtvZNkC6MeGDic+5hzTyAF18Z135y5+YXFpeXCSnF1bX1js1TeauokVQwbLBGJuglAo+AxNgw3Am+kQogCga1gcD6ut+5RaZ7E12YosRPBXcx7nIGxUre060dg+gxEdjk68NHArUv9AUgJt95ht1Rxq+4E9C/xclIhOerdsrPshwlLI4wNE6B123Ol6WSgDGcCR0U/1SiBDeAO25bGEKHuZJMzRnTfKiHtJcq+2NCJ+nMig0jrYRTYzrFp/bs2Fv+rtVPTO+1kPJapwZhNP+qlgpqEjjOhIVfIjBhaAkxx65WyPihgxiY3sym851Lnrh+mtmdcaHt0H8NR0Ubn/Q7qL2keVT236l0dV2pneYgFskP2yAHxyAmpkQtSJw3CyCN5Is/kxXl13p0P53PaOufkM9tkBs7XN/pZrWk=</latexit><latexit sha1_base64="redgO89ud+SSDGtI/uPebQzp0yo=">AAACO3icbVC7SgNBFJ31GeMr0VKLwSBoE3ZF0EoCNnZGMImQjeHu7I0ZMrs7zMyKYUnj19hq74dY24mtvZNkC6MeGDic+5hzTyAF18Z135y5+YXFpeXCSnF1bX1js1TeauokVQwbLBGJuglAo+AxNgw3Am+kQogCga1gcD6ut+5RaZ7E12YosRPBXcx7nIGxUre060dg+gxEdjk68NHArUv9AUgJt95ht1Rxq+4E9C/xclIhOerdsrPshwlLI4wNE6B123Ol6WSgDGcCR0U/1SiBDeAO25bGEKHuZJMzRnTfKiHtJcq+2NCJ+nMig0jrYRTYzrFp/bs2Fv+rtVPTO+1kPJapwZhNP+qlgpqEjjOhIVfIjBhaAkxx65WyPihgxiY3sym851Lnrh+mtmdcaHt0H8NR0Ubn/Q7qL2keVT236l0dV2pneYgFskP2yAHxyAmpkQtSJw3CyCN5Is/kxXl13p0P53PaOufkM9tkBs7XN/pZrWk=</latexit><latexit sha1_base64="redgO89ud+SSDGtI/uPebQzp0yo=">AAACO3icbVC7SgNBFJ31GeMr0VKLwSBoE3ZF0EoCNnZGMImQjeHu7I0ZMrs7zMyKYUnj19hq74dY24mtvZNkC6MeGDic+5hzTyAF18Z135y5+YXFpeXCSnF1bX1js1TeauokVQwbLBGJuglAo+AxNgw3Am+kQogCga1gcD6ut+5RaZ7E12YosRPBXcx7nIGxUre060dg+gxEdjk68NHArUv9AUgJt95ht1Rxq+4E9C/xclIhOerdsrPshwlLI4wNE6B123Ol6WSgDGcCR0U/1SiBDeAO25bGEKHuZJMzRnTfKiHtJcq+2NCJ+nMig0jrYRTYzrFp/bs2Fv+rtVPTO+1kPJapwZhNP+qlgpqEjjOhIVfIjBhaAkxx65WyPihgxiY3sym851Lnrh+mtmdcaHt0H8NR0Ubn/Q7qL2keVT236l0dV2pneYgFskP2yAHxyAmpkQtSJw3CyCN5Is/kxXl13p0P53PaOufkM9tkBs7XN/pZrWk=</latexit>

Kudashkin, Melnikov, Wever 17

p2T = ut/s
<latexit sha1_base64="xETpD1psqsAubpbXjXDxnkAXWyw=">AAACKXicbVBLTwIxGGx9gfgCPXppJCaecJeY6EVD4sUjJrwSWEm324WGbrdpu0Sy4W941bu/xpt69Y9YYA8CTtJkMvN97XR8yZk2jvMFNza3tndy+d3C3v7B4VGxdNzScaIIbZKYx6rjY005E7RpmOG0IxXFkc9p2x/dz/z2mCrNYtEwE0m9CA8ECxnBxko92W88VdEtSsyl7hfLTsWZA60TNyNlkKHeL8FcL4hJElFhCMdad11HGi/FyjDC6bTQSzSVmIzwgHYtFTii2kvnoafo3CoBCmNljzBorv7dSHGk9STy7WSEzVCvejPxP6+bmPDGS5mQiaGCLB4KE45MjGYNoIApSgyfWIKJYjYrIkOsMDG2p6WbgjGTOkv9vIi9lELbTw9pMC3Y6tzVotZJq1pxnYr7eFWu3WUl5sEpOAMXwAXXoAYeQB00AQESvIBX8Abf4Qf8hN+L0Q2Y7ZyAJcCfX8a9pkk=</latexit><latexit sha1_base64="xETpD1psqsAubpbXjXDxnkAXWyw=">AAACKXicbVBLTwIxGGx9gfgCPXppJCaecJeY6EVD4sUjJrwSWEm324WGbrdpu0Sy4W941bu/xpt69Y9YYA8CTtJkMvN97XR8yZk2jvMFNza3tndy+d3C3v7B4VGxdNzScaIIbZKYx6rjY005E7RpmOG0IxXFkc9p2x/dz/z2mCrNYtEwE0m9CA8ECxnBxko92W88VdEtSsyl7hfLTsWZA60TNyNlkKHeL8FcL4hJElFhCMdad11HGi/FyjDC6bTQSzSVmIzwgHYtFTii2kvnoafo3CoBCmNljzBorv7dSHGk9STy7WSEzVCvejPxP6+bmPDGS5mQiaGCLB4KE45MjGYNoIApSgyfWIKJYjYrIkOsMDG2p6WbgjGTOkv9vIi9lELbTw9pMC3Y6tzVotZJq1pxnYr7eFWu3WUl5sEpOAMXwAXXoAYeQB00AQESvIBX8Abf4Qf8hN+L0Q2Y7ZyAJcCfX8a9pkk=</latexit><latexit sha1_base64="xETpD1psqsAubpbXjXDxnkAXWyw=">AAACKXicbVBLTwIxGGx9gfgCPXppJCaecJeY6EVD4sUjJrwSWEm324WGbrdpu0Sy4W941bu/xpt69Y9YYA8CTtJkMvN97XR8yZk2jvMFNza3tndy+d3C3v7B4VGxdNzScaIIbZKYx6rjY005E7RpmOG0IxXFkc9p2x/dz/z2mCrNYtEwE0m9CA8ECxnBxko92W88VdEtSsyl7hfLTsWZA60TNyNlkKHeL8FcL4hJElFhCMdad11HGi/FyjDC6bTQSzSVmIzwgHYtFTii2kvnoafo3CoBCmNljzBorv7dSHGk9STy7WSEzVCvejPxP6+bmPDGS5mQiaGCLB4KE45MjGYNoIApSgyfWIKJYjYrIkOsMDG2p6WbgjGTOkv9vIi9lELbTw9pMC3Y6tzVotZJq1pxnYr7eFWu3WUl5sEpOAMXwAXXoAYeQB00AQESvIBX8Abf4Qf8hN+L0Q2Y7ZyAJcCfX8a9pkk=</latexit><latexit sha1_base64="xETpD1psqsAubpbXjXDxnkAXWyw=">AAACKXicbVBLTwIxGGx9gfgCPXppJCaecJeY6EVD4sUjJrwSWEm324WGbrdpu0Sy4W941bu/xpt69Y9YYA8CTtJkMvN97XR8yZk2jvMFNza3tndy+d3C3v7B4VGxdNzScaIIbZKYx6rjY005E7RpmOG0IxXFkc9p2x/dz/z2mCrNYtEwE0m9CA8ECxnBxko92W88VdEtSsyl7hfLTsWZA60TNyNlkKHeL8FcL4hJElFhCMdad11HGi/FyjDC6bTQSzSVmIzwgHYtFTii2kvnoafo3CoBCmNljzBorv7dSHGk9STy7WSEzVCvejPxP6+bmPDGS5mQiaGCLB4KE45MjGYNoIApSgyfWIKJYjYrIkOsMDG2p6WbgjGTOkv9vIi9lELbTw9pMC3Y6tzVotZJq1pxnYr7eFWu3WUl5sEpOAMXwAXXoAYeQB00AQESvIBX8Abf4Qf8hN+L0Q2Y7ZyAJcCfX8a9pkk=</latexit>
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Figure 2: Transverse momentum distribution of the Higgs boson at the LHC with
p
s=13 TeV. The upper panel

shows absolute predictions at LO and NLO in the full SM and in the infinite top-mass approximation (HEFT). The
lower panel shows respective NLO/LO correction factors. The bands indicate theoretical errors of the full SM result
due to scale variation.

turbative QCD computations remains at the
level of twenty percent, as estimated from the
scale variation. Such an uncertainty is typical
for NLO QCD theoretical description of many
observables related to Higgs boson production
in gluon fusion.

Another source of uncertainties is related
to the choice of the renormalization-scheme of
the top mass. Since the amplitude is propor-
tional to the squared top mass, the di↵eren-
tial cross section scales as the fourth power
d� ⇠ m

4
t , if we neglect suppressed terms in

m
2
t /p

2
? and the logarithms of m

2
t /p

2
?. At LO

in perturbation theory, a di↵erent choice of the
top-mass scheme corresponds to changing nu-
merically the input value of the top mass. If
we choose instead the MS top mass value9 of
m

MS
t (p? ⇡ 400 GeV) ⇡ 157 GeV, we would

find a decrease of the LO cross section by about
d�

MS
LO/d�

pole
LO ⇠ (157/173)4 ⇠ 0.68. At NLO

one needs to additionally take into account the

9We calculated this value using the program RunDec

[31] with the input value m
MS

t (mMS

t ) = 166 GeV.

↵s corrections that relate the on-shell and MS
top mass values. These corrections will com-
pensate the numerical change caused by chang-
ing mt = m

MS
t to mt = m

pole
t

in the NLO
amplitudes and as a result the scheme depen-
dence at NLO is reduced. Thus, we expect the
scheme dependence at NLO to be subleading
with respect to the scale uncertainties.

Further improvements in theory predictions
are only possible if the proximity of the HEFT
and SM K-factors is taken seriously and pos-
tulated to occur even at higher orders. In this
case, one will have to re-weight the existing
HEFT H + j computations [5, 6, 7] with the
exact leading order cross section for producing
the Higgs boson with high p?. In fact, such a
reweighting can now be also performed at the
NLO level.

4. Conclusions

We presented the NLO QCD corrections to
the Higgs boson transverse momentum distri-
bution at very large p? values. To compute

7

Expanded 2-loop virtuals can be 
combined with full reals to predict 
Higgs boson      distribution above 
top threshold

pT
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KSM

KHTL
= 1.04 . . . 1.06
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Lindert, Kudashkin, Melnikov, 
Wever 18; Neumann 18

HJ Expansion

Minor difference to full result, 
due to missing             terms?O(⌘1)
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Variation of the Higgs Self Coupling
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Fig. 2 Invariant Higgs-pair-mass distributions for Higgs boson pair production via gluon fusion at the 14 TeV LHC as a function of Q = mHH . LO
results (in black), HTL results (in blue), HTL results including the full real corrections (in yellow), HTL results including the full virtual corrections
(in green, including the numerical error), and the full NLO QCD results (in red, including the numerical error). Left: Results with the MMHT2014

PDF set, the insert below displays the K-factors for the different results. Right: Results with the PDF4LHC15 PDF set, the insert below displays
the ratio to the NLO HTL result for the different calculations. The red band indicates the renormalisation and factorisation scale uncertainties for
results including the full NLO QCD corrections.

4 Factorisation and renormalisation scale dependence

For the estimate of the residual theoretical uncertainties of
our NLO results we derive the uncertainties due to the
choices of the factorisation and renormalisation scales by
varying both by a factor of two up and down around the cen-
tral scale choice µR = µF = mHH/2, but avoid a splitting of
both scales by more than a factor of two. This leads to seven
points in the µR � µF -plane, since both scale dependences
are monotonic. The scale uncertainty is then determined by
the maximal and minimal cross section values around the
central values. The factorisation scale enters the luminosity
factors and the HTL parts of the coefficients Ci j in Eq. (9) so
that the numerical two-loop results of the NLO mass effects
are not affected. The same is true for the renormalisation
scale dependence, since the strong coupling constant enters
only as a universal factor in each perturbative order and the
explicit renormalisation scale appears only in the HTL-part
of the virtual corrections. In total we find the following scale
dependences for the differential cross section for four dis-
tinct values of Q,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+16.3%
�13.5% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+14.4%
�12.8% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+10.9%
�11.5% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+7.1%
�10.6% fb/GeV,

(18)

for PDF4LHC parton densities, while the total cross section
develops the uncertainties

s(gg ! HH) = 32.78(9)+13.5%
�12.5% fb. (19)

The last result is in mutual agreement with Refs. [27, 28]
within the numerical uncertainties and taking into account
the small difference in the choice of the top mass value.

5 Uncertainty due to the top mass

For the uncertainty related to the scheme and scale choice
of the top mass we calculated the total NLO results for the
differential gluon-fusion cross section for the MS top mass
at different scale choices. We have used an N3LO evolution
and conversion of the pole into the MS mass at the input
scale given by the MS top mass itself. This leads, for our

7

choice of mt = 172.5 GeV for the top pole mass to an MS
mass of mt(mt) = 163.02 GeV. The renormalisation of the
top mass has been adjusted accordingly. Taking the maxi-
mum and minimum of the differential cross section in Q

2

at four different values of Q
2 for a variation of the MS top

mass in the range between Q/4 and Q we obtain the follow-
ing variations of the Higgs-pair cross section,

ds(gg ! HH)

dQ

���
Q=300 GeV

= 0.0312(5)+9%
�23% fb/GeV,

ds(gg ! HH)

dQ

���
Q=400 GeV

= 0.1609(4)+7%
�7% fb/GeV,

ds(gg ! HH)

dQ

���
Q=600 GeV

= 0.03204(9)+0%
�26% fb/GeV,

ds(gg ! HH)

dQ

���
Q=1200 GeV

= 0.000435(4)+0%
�30% fb/GeV,

(20)

using PDF4LHC parton densities. The top-quark scheme un-
certainty is significant over the whole range of mHH . The
prediction involving the top pole mass, that we take as our
central prediction, is the maximal prediction for high mHH

values. The uncertainties induced by the top-mass scheme
and scale choice on the total cross section at NLO will be
given in a forthcoming publication [50].

6 Conclusions

We have presented the calculation of the full NLO QCD
corrections to Higgs-boson pair production via gluon fu-
sion for the top-loop contributions. This has been performed
by numerical integrations of the involved virtual two-loop
corrections to the four-point functions, while the results of
the single-Higgs case have been translated to the three-point
contributions that involve the trilinear Higgs self-coupling.
The one-particle reducible contributions that appear for the
first time at NLO have been inferred from the explicit analyt-
ical one-loop results for H ! Zg , where the Z-boson mass
plays the role of the virtuality of the gluon in the dressed
Hgg

⇤ vertex. In order to isolate the ultraviolet, infrared and
collinear divergences, we have performed appropriate end-
point subtractions at the integrand level and described the
explicit construction of infrared subtraction terms that al-
low for a clean separation of the infrared singularities from
the regular rest. The real corrections have been obtained by
generating the full matrix elements with automatic tools. We
have constructed the infrared and collinear subtraction term
as the heavy-top limit of the real matrix elements involving
the fully massive LO sub-matrix element. Adding back the
full results in the heavy-top limit completed the full real cor-
rections. The final results we have obtained agree with pre-
vious calculations for the individual finite parts of the real
and virtual corrections. We find finite NLO mass effects that

are up to �30% for large invariant Higgs-pair masses, while
the total NLO top-mass effects modify the total cross section
by about �15%.

We have studied the theoretical uncertainties related to
variations of the renormalisation and factorisation scales and
have found agreement with the previously known results
finding uncertainties at the level of 10� 15%. A novel out-
come of our calculation is the additional uncertainty induced
by the scheme and scale dependence of the top mass that
can be significant, amounting to +9%/� 23% at mHH =
300 GeV and +0%/� 30% at mHH = 1200 GeV. The in-
duced uncertainty on the total cross section will be given in
a forthcoming publication [50].

In the future we plan to extend our calculation to beyond-
the-SM models as e.g. the 2HDM or MSSM.

Acknowledgements We are grateful to S. Dittmaier for providing us
with a copy of his old mathematica programs for the QCD corrections
in the HTL related to Ref. [7]. J. B. and J. S. acknowledge the support
from the Institutional Strategy of the University of Tübingen (DFG,
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Mutual agreement with our result 

Studied top quark mass scheme/scale 
uncertainties:

Baglio, Campanario, Glaus, 
Mühlleitner, Spira, Streicher 18

Large uncertainty obtained varying 
scale of top quark mass (in       ) by 
factor 2 up/down

MS
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HH Top Quark Mass Scheme Uncertainties

HH recently recomputed by another group  
(also using numerical methods)
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HH: NNLO EFT Combined with NLO SM

Grazzini, Heinrich, SJ, Kallweit, Kerner, Lindert, 
Mazzitelli 18; (+NNLL) de Florian, Mazzitelli 18;
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Figure 2: Higgs boson pair invariant mass distribution at NNLO for the di↵erent approximations,
together with the NLO prediction, at 14TeV (left) and 100TeV (right). The lower panels show the
ratio with respect to the NLO prediction, and the filled areas indicate the NLO and NNLOFTapprox

scale uncertainties.

harder and the softer Higgs boson (pT,h1 and pT,h2, Figs. 6 and 7), and the azimuthal separation
between the two Higgs bosons (��hh, Fig. 8). For the sake of clarity, we only show the scale
uncertainty bands corresponding to the NLO and NNLOFTapprox predictions.

We start our discussion from the invariant-mass distribution of the Higgs boson pair, re-
ported in Fig. 2. We observe that the NNLOB-proj and NNLONLO-i approximations predict a
similar shape, with very small corrections at threshold, an approximately constant K-factor for
larger invariant masses, and only a small di↵erence in the normalization between them, which
increases in the 100TeV case. The NNLOFTapprox, on the other hand, presents a di↵erent shape,
in particular with larger corrections for lower invariant masses, a minimum in the size of the
corrections close to the region where the maximum of the distribution is located, and a slow
increase towards the tail. The di↵erent behavior of the NNLOFTapprox in the region close to
threshold is more evident at 100TeV, where the increase is about 30% in the first bin. Naively
we could expect that if this region is dominated by soft parton(s) recoiling against the Higgs
bosons, the Born projection and FTapprox should provide similar results. We have investigated
the origin of this di↵erence, and we find that in the region Mhh ⇠ 2Mh the cross section is actu-
ally dominated by events with relatively hard radiation recoiling against the Higgs boson pair
(for example, at

p
s = 100TeV, the average transverse momentum of the Higgs boson pair in

the first Mhh bin is pT,hh ⇠ 100GeV at NLO). In this region the exact loop amplitudes behave
rather di↵erently as compared to the amplitudes evaluated in the HEFT: As the production
threshold is approached, they go to zero faster than in the mass-dependent case, thus explain-
ing the di↵erences we find. Within the NNLOFTapprox, the corrections to the Mhh spectrum
range between 10% and 20% at 14TeV. The scale uncertainty is substantially reduced in the

10

R(ij ! HH +X) =
ABorn

Full
(ij ! HH +X)

A(0)

HEFT
(ij ! HH +X)
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Differential NNLO HTL + NLO SM 

Top quark mass effects studied 
using 3 different approximations

1) NNLONLO-i 

Rescale NLO by KNNLO = NNLOHTL/NLOHTL 

2) NNLOB-proj 

Project real radiation contributions to Born 
configurations, rescale by LO/LOHEFT 
3) NNLOFTapprox  
NNLO EFT correction rescaled for each 
multiplicity by:

p
s 13 TeV 14 TeV 27 TeV 100 TeV

NLO [fb] 27.78 +13.8%
�12.8% 32.88 +13.5%

�12.5% 127.7 +11.5%
�10.4% 1147 +10.7%

�9.9%

NLOFTapprox [fb] 28.91 +15.0%
�13.4% 34.25 +14.7%

�13.2% 134.1 +12.7%
�11.1% 1220 +11.9%

�10.6%

NNLONLO�i [fb] 32.69 +5.3%
�7.7% 38.66 +5.3%

�7.7% 149.3 +4.8%
�6.7% 1337 +4.1%

�5.4%

NNLOB�proj [fb] 33.42 +1.5%
�4.8% 39.58 +1.4%

�4.7% 154.2 +0.7%
�3.8% 1406 +0.5%

�2.8%

NNLOFTapprox [fb] 31.05 +2.2%
�5.0% 36.69 +2.1%

�4.9% 139.9 +1.3%
�3.9% 1224 +0.9%

�3.2%

Mt unc. NNLOFTapprox ±2.6% ±2.7% ±3.4% ±4.6%

NNLOFTapprox/NLO 1.118 1.116 1.096 1.067

Table 1: Inclusive cross sections for Higgs boson pair production for di↵erent centre-of-mass
energies at NLO and NNLO within the three considered approximations. Scale uncertain-
ties are reported as superscript/subscript. The estimated top quark mass uncertainty of the
NNLOFTapprox predictions is also presented. The uncertainties due to the qT -subtraction and
the numerical evaluation of the virtual NLO contribution are both at the per mille level.

NNLOFTapprox, i.e. by about a factor of three. This reduction of the scale uncertainties is
stronger as we increase the collider energy, being close to a factor of five at 100TeV.

As is well known, scale uncertainties can only provide a lower limit on the true perturbative
uncertainties. In particular, from Table 1 we see that the di↵erence between the NNLO and
NLO central predictions is always larger than the NNLO scale uncertainties (although within
the NLO uncertainty bands). In any case, the strong reduction of scale uncertainties, together
with the moderate impact of NNLO corrections, suggests a significant improvement in the
perturbative convergence as we move from NLO to NNLO.

It is also worth mentioning that the three approximations have a di↵erent behaviour withp
s. For instance at 100TeV, the increase with respect to the NLO prediction for the NNLOB-proj

and NNLONLO-i approaches is 23% and 17%, respectively, values that are close to the ones for
14TeV (20% and 18%, respectively). By contrast, the NNLOFTapprox result increases the NLO
prediction by 7% at 100TeV, i.e. the correction is smaller by almost a factor of two than
at 14TeV (12%), which also means a larger separation with respect to the other two NNLO
approximations. The smaller size of the NNLO corrections in the FTapprox at higher energies
is also consistent with the observed reduction of scale uncertainties.

As was mentioned already in Section 2.2, the NNLOFTapprox result is expected to be the most
accurate one among the approximations studied in this work, and therefore it is considered to
be our best prediction. In order to estimate the remaining uncertainty associated with finite top
quark mass e↵ects at NNLO, we start by considering the accuracy of the FTapprox approximation
at NLO. At 14TeV the NLO FTapprox result (see Table 1) overestimates the full NLO total cross

8
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Expansion about small                              can be applied to HH
Davies, Mishima, Steinhauser, Wellmann 18, 18;
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Figure 2: Real and imaginary part of the ϵ0 term of the two master integrals
G6(1, 1, 1, 1, 1, 1, 1, 0, 0) and G20(1, 1, 1, 1, 1, 2, 1, 0, 0). For convenience we multiply by
powers of mt and s as indicated above the plot.

intermediate expressions which enter the system of linear equations for the coefficients
in our ansatz. We have expanded each master integral such that the final result for the
amplitude gg → HH is available up to order m16

t . Our results for the master integrals
can be downloaded from [23].

For illustration we show in Fig. 2 the results for two master integrals:
G6(1, 1, 1, 1, 1, 1, 1, 0, 0), which is used as an example in Subsection 5.2, and
G20(1, 1, 1, 1, 1, 2, 1, 0, 0). We plot the real and imaginary parts of the ϵ0 term as a function
of

√
s and choose t = −s/2, which corresponds to θ = π/2 (cf. Fig. 1), mt = 175 GeV

and µ2 = s. For clarity we multiply each integral by appropriate powers of mt and s such
that the leading term starts with m2

t and is dimensionless. In each case we display the
approximations including m2

t , m
4
t , m

8
t and m16

t terms.

14

Agreement between expanded 
integrals and numerical results 
(where expansion is valid)

G91(0, 0, 0, 0, 1, 0, 1) G91(1, 0, 0, 1, 0, 1, 0) G91(1, 0, 0, 2, 0, 1, 0) G91(0, 0, 1, 0, 1, 1, 0) G84(0, 1, 0, 0, 2, 0, 1) G79(1, 0, 1, 0, 0, 0, 1)

G6(1, 1, 0, 1, 1, 0, 0) G79(1, 0, 1, 0, 0, 1, 1)
G79(1, 0, 1, 0, 1, 0, 1) G79(1, 0, 1, 0, 2, 0, 1) G79(1, 0, 1, 0, 1, 0, 2) G91(0, 0, 1, 0, 1, 1, 1)

G91(1, 0, 0, 1, 0, 1, 1) G73(0, 1, 1, 1, 1, 0, 1) G72(1, 0, 1, 1, 1, 0, 1) G72(1, 0, 2, 1, 1, 0, 1) G6(1, 1, 0, 1, 1, 1, 0) G6(1, 1, 1, 1, 1, 1, 0)

G91(1, 1, 0, 1, 0, 1, 1) G91(1, 1, 0, 2, 0, 1, 1) G91(1, 1, 0, 3, 0, 1, 1) G79(1, 1, 1, 0, 1, 0, 1) G47(1, 1, 1, 2, 1, 0, 0) G79(1, 2, 1, 0, 1, 0, 1)

G71(1, 1, 1, 1, 1, 0, 1) G71(1, 1, 2, 1, 1, 0, 1) G6(1, 1, 1, 1, 1, 1, 1) G6(1, 1, 1, 1, 1, 1, 2) G6(1, 1, 1, 1, 1, 2, 1) G79(1, 1, 1, 0, 0, 1, 1)

G33(1, 1, 0, 1, 0, 0, 0) G20(1, 1, 0, 1, 1, 0, 0) G20(1, 1, 1, 1, 1, 0, 0) G33(1, 1, 0, 1, 0, 1, 0) G33(1, 1, 0, 1, 0, 2, 0) G20(1, 1, 0, 1, 1, 0, 1)

G33(1, 1, 1, 1, 0, 1, 0) G33(1, 1, 0, 1, 1, 1, 0) G33(1, 1, 0, 1, 2, 1, 0) G91(1, 0, 1, 1, 1, 1, 0) G91(1, 0, 1, 1, 1, 2, 0) G20(1, 1, 1, 1, 1, 0, 1)

G33(1, 1, 1, 1, 1, 1, 0) G20(1, 1, 1, 1, 1, 1, 1) G20(1, 1, 1, 1, 1, 1, 2) G20(1, 1, 2, 1, 1, 1, 1) G20(1, 1, 1, 1, 1, 2, 1)

Figure 4: Two-loop planar master integrals. Solid and dashed lines represent massive
and massless scalar propagators, respectively. The external (thin) lines are massless. The
planar master integrals form (29) which are not shown are obtained by crossing.

can be applied to Eq. (30). By taking a derivative w.r.t. one of the parameters
(e.g. a1) one obtains a solution for Eq. (31).
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HH Production via Expansions

m2
H
,m2

T
⌧ |s|, |t|
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Figure 6: The real part (left two plots) and the imaginary part (right two plots) of the order
ϵ−1 and ϵ0 coefficient for the two-loop integral I1,1,1,1,1,1,1,0,0 in topology E as a function of

√
s

with t = −(200 GeV)2. The integral has been multiplied by m6
t to make it dimensionless.

We further investigate the behavior of our approximation as a function of the transverse
momentum pT of the Higgs boson. The invariant t is related to pT by

t =
2m2

h − s±
√

s2 − 4m2
hs− 4p2T s

2
, (46)

where the ± sign corresponds to the forward and backward scatterings, respectively. For
convenience, we only show the results with the + sign in the following. We take two typical
values of the partonic center-of-mass energy:

√
s = 500 GeV which is in the bulk region of

the partonic cross section, and
√
s = 1000 GeV which is in the high energy region. The

corresponding numerical results are shown in Figure 7 and 8, respectively. At
√
s = 500 GeV,

we find that the approximation at order m4
h works rather well for the real part of the integral,

with per-mille accuracy in the whole range of pT . For the imaginary part, the accuracy is
about 1%, and if one needs to have a better approximation, the order m6

h terms should be
added. When the center-of-mass energy goes higher, at

√
s = 1000 GeV, the quality of the

approximation becomes better, with per-mille accuracy in all situations. This can be expected
since in the high energy region all the scales are much larger than mh.
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(A) (B) (C)

(F)(E)(D)

Figure 4: Topologies relevant to the NLO QCD corrections to Higgs boson pair produc-
tion after expansion in the small mh limit. The thick lines represent massive propagators
(top quarks), while the thin lines represent massless propagators (gluons). The external legs
(dashed lines) are all light-like.

dependent integrals

I{ai}(s, t,m
2
t , m

2
h, ϵ) =

[

16π2

i

(
m2

t

4π

)ϵ

Γ(1 + ϵ)

]2 ∫
ddk1
(2π)d

ddk2
(2π)d

9
∏

i=1

1

Dai
i

, (16)

where k1 and k2 are loop momenta, and {ai} denotes the collection of powers ai on the
propagators Di. We then define

Ĩ{ai}(s, t,m
2
t , ϵ) = lim

m2
h→0

I{ai}(s, t,m
2
t , m

2
h, ϵ) , (17)

which are the main objects to be calculated in this section. The 4 relevant integral families
are defined by their corresponding propagators as the following:

A :
{

k2
1 −m2

t , (k1 + p1)
2 −m2

t , (k1 + p1 + p2)
2 −m2

t , (k1 + k2)
2, k2

2 −m2
t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2 −m2

t

}

,

B :
{

k2
1, (k1 + p1)

2, (k1 + p1 + p2)
2, (k1 + k2)

2 −m2
t , k

2
2 −m2

t ,

(k2 − p3)
2 −m2

t , (k2 − p1 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 + p3)
2
}

,

E :
{

k2
1, (k1 + p1)

2, (k1 + k2)
2 −m2

t , k
2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 − p2)
2 −m2

t , (k2 − p1)
2 −m2

t , (k1 − p3)
2
}

,

F :
{

(k1 − p1)
2, k2

1, (k1 + p2)
2, (k1 + k2 − p1)

2 −m2
t , k

2
2 −m2

t , (k2 − p3)
2 −m2

t ,

(k2 − p1 − p2)
2 −m2

t , (k1 + k2 + p2 − p3)
2 −m2

t , (k1 − p3)
2, (k2 − p1)

2 −m2
t

}

. (18)

Integrals in each of these families can be reduced to a set of master integrals. For that purpose
we employ the program packages FIRE5 [46] and LiteRed [48]. We find 29 master integrals in
topology A, 32 for topology B, 54 for topology E, and 37 for topology F.

9

Alternatively: 
Expand only about small  
Larger range of validity, some 
integrals significantly more 
involved (Elliptic)

m2
H
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Produce a Padé approximation using: 
Large-       expansion + threshold expansion 

Incorporate non-analytic threshold corrections 
into approximation
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Figure 10: Finite part of the virtual corrections, Vfin, as a function of MHH for pT =
100 GeV. The light blue points are the reweighted HEFT results, the pink points
the virtual corrections in full top mass dependence from the interpolation function
provided with Ref. [89], the dark blue points are from the diagonal and o↵-diagonal
Padé approximants with their standard deviation and the turquoise points with
standard deviation are the Padé approximants constructed without the threshold
expansion.

is improved significantly with the inclusion of the threshold expansion. The error of
the Padé approximation increases with the invariant mass. Note that the full result
has, apart from the previous error from the internal binning, also an error due to
the interpolation procedure. We do not quantify this error but in comparison to
the HEFT grid provided with Ref. [89] we conclude that while in the range up to
MHH . 570 GeV this error is negligible, it will be a few % for larger MHH . The
comparison with the numerical results of [89] demonstrates that our prescription for
the uncertainty related to the construction of Padé approximants also provides a
reasonable error estimate at NLO.
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gg ! H
(⇤)

, HZ,ZZ
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Method applicable to more processes: 4
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FIG. 2: Finite part of the virtual corrections as a function of
the invariant mass of the two Higgs system. The pink points
are extracted with the interpolation function from [50]. The
dotted light blue points correspond to reweighted HEFT [51].
The solid lines are the respective orders in our calculation.
We do not show O((p2T + m

2
h)

3) as the line lies perfectly on
top of the one of O((p2T +m

2
h)

2).

result stemming from the interpolation.

CONCLUSION

In this letter we have proposed a novel approach for the
analytical computation of the NLO virtual corrections to
Higgs pair production through gluon fusion. This me-
thod, based on a expansion for small p2T , allows us to
describe accurately the region ŝ . 750 GeV that until
now has been explored only numerically. In particular
we showed that a few terms in the expansion already
reproduce the full LO within 10�3, in the region of in-
terest. At NLO we find excellent agreement already at
O(p2

T
+m

2
h
) comparing to the full result of [30]. We re-

mark that this method is general and can be useful for
the analytic computation of radiative corrections to other
fundamental processes for the physics programme of the
LHC.
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Have: 
Expand in:

Solve remaining dependence on ŝ,mT
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Invariant mass distribution agrees well 
with full (numerical) result up to ~900 GeV

mT
<latexit sha1_base64="kaFrAVnzC7By0T/h5VfLKY8oQYg=">AAACIHicbVDLTgIxFL3FB4gv0KWbRmLiiswYE3VH4sYlRl4JTEinU6Ch05m0HSKZ8Alude/XuDMu9WssMAsBT9Lk5NxHzz1+LLg2jvONclvbO7v5wl5x/+Dw6LhUPmnpKFGUNWkkItXxiWaCS9Y03AjWiRUjoS9Y2x/fz+vtCVOaR7JhpjHzQjKUfMApMVZ6CvuNfqniVJ0F8CZxM1KBDPV+GeV7QUSTkElDBdG66zqx8VKiDKeCzYq9RLOY0DEZsq6lkoRMe+nC6wxfWCXAg0jZJw1eqH8nUhJqPQ192xkSM9Lrtbn4X62bmMGtl3IZJ4ZJuvxokAhsIjw/HAdcMWrE1BJCFbdeMR0RRaix8axsCiY81pnr56XtFRfaHj1iwaxoo3PXg9okrauq61Tdx+tK7S4LsQBncA6X4MIN1OAB6tAECkN4gVd4Q+/oA32ir2VrDmUzp7AC9PML43ijTw==</latexit><latexit sha1_base64="kaFrAVnzC7By0T/h5VfLKY8oQYg=">AAACIHicbVDLTgIxFL3FB4gv0KWbRmLiiswYE3VH4sYlRl4JTEinU6Ch05m0HSKZ8Alude/XuDMu9WssMAsBT9Lk5NxHzz1+LLg2jvONclvbO7v5wl5x/+Dw6LhUPmnpKFGUNWkkItXxiWaCS9Y03AjWiRUjoS9Y2x/fz+vtCVOaR7JhpjHzQjKUfMApMVZ6CvuNfqniVJ0F8CZxM1KBDPV+GeV7QUSTkElDBdG66zqx8VKiDKeCzYq9RLOY0DEZsq6lkoRMe+nC6wxfWCXAg0jZJw1eqH8nUhJqPQ192xkSM9Lrtbn4X62bmMGtl3IZJ4ZJuvxokAhsIjw/HAdcMWrE1BJCFbdeMR0RRaix8axsCiY81pnr56XtFRfaHj1iwaxoo3PXg9okrauq61Tdx+tK7S4LsQBncA6X4MIN1OAB6tAECkN4gVd4Q+/oA32ir2VrDmUzp7AC9PML43ijTw==</latexit><latexit sha1_base64="kaFrAVnzC7By0T/h5VfLKY8oQYg=">AAACIHicbVDLTgIxFL3FB4gv0KWbRmLiiswYE3VH4sYlRl4JTEinU6Ch05m0HSKZ8Alude/XuDMu9WssMAsBT9Lk5NxHzz1+LLg2jvONclvbO7v5wl5x/+Dw6LhUPmnpKFGUNWkkItXxiWaCS9Y03AjWiRUjoS9Y2x/fz+vtCVOaR7JhpjHzQjKUfMApMVZ6CvuNfqniVJ0F8CZxM1KBDPV+GeV7QUSTkElDBdG66zqx8VKiDKeCzYq9RLOY0DEZsq6lkoRMe+nC6wxfWCXAg0jZJw1eqH8nUhJqPQ192xkSM9Lrtbn4X62bmMGtl3IZJ4ZJuvxokAhsIjw/HAdcMWrE1BJCFbdeMR0RRaix8axsCiY81pnr56XtFRfaHj1iwaxoo3PXg9okrauq61Tdx+tK7S4LsQBncA6X4MIN1OAB6tAECkN4gVd4Q+/oA32ir2VrDmUzp7AC9PML43ijTw==</latexit><latexit sha1_base64="kaFrAVnzC7By0T/h5VfLKY8oQYg=">AAACIHicbVDLTgIxFL3FB4gv0KWbRmLiiswYE3VH4sYlRl4JTEinU6Ch05m0HSKZ8Alude/XuDMu9WssMAsBT9Lk5NxHzz1+LLg2jvONclvbO7v5wl5x/+Dw6LhUPmnpKFGUNWkkItXxiWaCS9Y03AjWiRUjoS9Y2x/fz+vtCVOaR7JhpjHzQjKUfMApMVZ6CvuNfqniVJ0F8CZxM1KBDPV+GeV7QUSTkElDBdG66zqx8VKiDKeCzYq9RLOY0DEZsq6lkoRMe+nC6wxfWCXAg0jZJw1eqH8nUhJqPQ192xkSM9Lrtbn4X62bmMGtl3IZJ4ZJuvxokAhsIjw/HAdcMWrE1BJCFbdeMR0RRaix8axsCiY81pnr56XtFRfaHj1iwaxoo3PXg9okrauq61Tdx+tK7S4LsQBncA6X4MIN1OAB6tAECkN4gVd4Q+/oA32ir2VrDmUzp7AC9PML43ijTw==</latexit>



Higgs+Jet & Di-Higgs Production at the LHC 
• Computed at NLO with full top quark mass dependence 
• 2-loop virtual amplitude calculated numerically 

Numerical Multi-loop Calculations 
• Discussed basis choice which improves numerical performance  
• Described sector decomposition procedure and pySecDec 
• Public release of QMC integration code with CUDA GPU support 

Future 
• Complete study of HJ (more distributions, grid of results, 

combination with parton shower and NNLO HTL) 
• Attack more multi-scale 2→2 processes and refine our technique 

Thank you for listening!
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Conclusion
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Preliminary

Starting to look at other distributions… 
Basis change improves numerical stability of invariant mass distribution

Note:  
• Produced with fairly low statistics (817 points) 
• No scale variations yet

HJ Ongoing Work
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But: Just varying   : one ``direction'' in EFT parameter space 
Parametrise non-resonant new physics with EFT (5 parameters):

�
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g h

h g

g h

h

h
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g h

h

t

y(2)t cgg cg

Azatov, Contino, Panico, Son 15; 
Buchalla, Cata, Celis, Krause 15;  
(B.I. NLO HEFT) Gröber, Mühlleitner, Spira, Streicher 15; 
(B.I. NNLO HEFT) de Florian, Fabre, Mazzitelli 17; 
(Cluster analysis) Dall’Osso, Dorigo, Gottardo, Oliveira, Tosi, Goertz 15; 
+ Carvalho, Manzano, Dorigo, Gouzevich 16; 
Kim, Sakaki, Son 18; 
(NLO) Buchalla, Capozi, Celis, Heinrich, Scyboz 18
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12 representative 
``clusters''

BSM EFT



�LO (fb) �NLO (fb)

B.I. HEFT – 1511
+16.0%
�13.0%

FTapprox – 1220
+11.9%
�10.7%

Full Theory 731.3+20.9%
�15.9% 1149

+10.8%
�10.0%
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HEFT overestimates by 32% 
FTap. overestimates by 6%

HH Results: 100 TeV
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Choose basis:

Form Factors (Contain integrals)

Build projectors     such that:

We compute           and obtain other channels by crossingqq̄gH
<latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit><latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit><latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit><latexit sha1_base64="h6oznMQWT6HZCNMYOhWGXsUXOPM=">AAACJ3icbVDLTgIxFO3gA8QX6NJNIzFxRWaMia4MiRuWmMgjwoR0Ohdo6HSGtkMkk/kLt7r3a9wZXfonFpiFgCdpcnLuo+ceL+JMadv+tnJb2zu7+cJecf/g8Oi4VD5pqTCWFJo05KHseEQBZwKammkOnUgCCTwObW98P6+3pyAVC8WjnkXgBmQo2IBRoo30NOl5RCaTdFjvlyp21V4AbxInIxWUodEvW/meH9I4AKEpJ0p1HTvSbkKkZpRDWuzFCiJCx2QIXUMFCUC5ycJyii+M4uNBKM0TGi/UvxMJCZSaBZ7pDIgeqfXaXPyv1o314NZNmIhiDYIuPxrEHOsQz+/HPpNANZ8ZQqhkxiumIyIJ1SallU3+lEUqc/28tL3iQpmjR+CnRROdsx7UJmldVR276jxcV2p3WYgFdIbO0SVy0A2qoTpqoCaiSKAX9IrerHfrw/q0vpatOSubOUUrsH5+AR5wppQ=</latexit>

Gehrmann, Glover, Jaquier, Koukoutsakis 11

P
<latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit><latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit><latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit><latexit sha1_base64="f/sLCf9WVMQGj7WRApUAyim9g1s=">AAACHnicbVDLSgMxFE18tdZXq0s3wSK4KjMi6EoKbly2YB/QDiWTudOGZjJDkimWoV/gVvd+jTtxq39j2s7Cth4IHM595NzjJ4Jr4zg/eGt7Z3evUNwvHRweHZ+UK6dtHaeKQYvFIlZdn2oQXELLcCOgmyigkS+g448f5vXOBJTmsXwy0wS8iA4lDzmjxkrNxqBcdWrOAmSTuDmpohyNQQUX+kHM0gikYYJq3XOdxHgZVYYzAbNSP9WQUDamQ+hZKmkE2ssWTmfk0ioBCWNlnzRkof6dyGik9TTybWdEzUiv1+bif7VeasI7L+MySQ1ItvwoTAUxMZmfTQKugBkxtYQyxa1XwkZUUWZsOCubgglPdO76eWl7xYW2R48gmJVsdO56UJukfV1znZrbvKnW7/MQi+gcXaAr5KJbVEePqIFaiCFAL+gVveF3/IE/8deydQvnM2doBfj7FzJbonA=</latexit>

p1,↵
<latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit><latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit><latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit><latexit sha1_base64="luq2RW4C4tHgj/JdrZcsg77oFwk=">AAACJ3icbVDLSgMxFE3qo7W+Wl26CRbBhZQZEeqy4MZlBfvAdiiZTKYTmsmEJFMsQ//Cre79GneiS//EtJ2FbT0QOJz7yLnHl5xp4zjfsLC1vbNbLO2V9w8Oj44r1ZOOTlJFaJskPFE9H2vKmaBtwwynPakojn1Ou/74bl7vTqjSLBGPZiqpF+ORYCEj2FjpSQ7dqwHmMsLDSs2pOwugTeLmpAZytIZVWBwECUljKgzhWOu+60jjZVgZRjidlQepphKTMR7RvqUCx1R72cLyDF1YJUBhouwTBi3UvxMZjrWexr7tjLGJ9HptLv5X66cmvPUyJmRqqCDLj8KUI5Og+f0oYIoSw6eWYKKY9YpIhBUmxqa0simYMKlz189L2ysutD06osGsbKNz14PaJJ3ruuvU3YebWrORh1gCZ+AcXAIXNEAT3IMWaAMCBHgBr+ANvsMP+Am/lq0FmM+cghXAn18nCqYB</latexit>

p2,�
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Form Factor Decomposition (HJ Quark)



No Higgs decay or hadronization included 
Assume             (decay can be attached e.g. in narrow width approx.)
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Matching/shower has significant impact 
on LO accurate observables 
Can have large matching uncertainties

The first line of (9) corresponds to events that have Born kinematics at the level of the fixed-order
seed event with weight B̄ (S-events). They either don’t undergo any emission above the infrared
parton shower cuto↵ scale t0 (first term in the square bracket) or they undergo their hardest
emission at some scale t between µ

2
PS and t0 (second term in the square bracket). The second

line of (9) corresponds to events with real-emission kinematics at the level of the fixed-order seed
event and weight H (H-events). All events are treated further by the parton shower precisely as
in the leading order case, apart from the S-events that haven’t undergone any emission, which
are kept as they are.

Since the square bracket in (9) integrates to 1, the total cross section and any observable
that is insensitive to QCD radiation is unaltered in MC@NLO compared to the fixed-order NLO
result. In fact, it can be shown that a MC@NLO event sample will reproduce the fixed-order
NLO result event to order ↵S relative to the Born for any infrared safe observable [16]. The
parametric NLO accuracy is therefore not spoiled by the parton shower matching.

1.4 Parton Shower Matching Uncertainties

As stated in the previous section, NLO parton shower matching according to the MC@NLO
method preserves the parametric accuracy of the fixed-order NLO calculation. Deviations from
fixed-order results can numerically be nonetheless significant [31]. Such di↵erences reflect genuine
parton shower matching uncertainties, they can be particularly prominent for observables that
are sensitive to real emission configurations and thereby to the interplay between parton shower
emissions and fixed-order real emission configurations. We will therefore focus on the p

HH

?
distribution in the following section, comparing MC@NLO matched parton shower simulations
to fixed-order results with both the Dire and the CS shower.

In order to formally compare the MC@NLO result to a fixed-order prediction for this spectrum,
we first consider a generic observable O that is insensitive to kinematic Born configurations. For
such an observable we need to take into account H-events and parton shower emissions o↵ S-
events. At order ↵S relative to the Born we have

hOi =

Z
B̄(�B)�(t, µ2

PS)
D(�B ,�1)

B(�B)
⇥(µ2

PS � t)O(�R) d�B d�1

+

Z
H(�R)O(�R) d�R, (12)

where the first integral corresponds to S-events in which the parton shower has generated a non-
vanishing value of O and the second integral corresponds to H-events, where a non-vanishing
value of O is implied by the real-emission kinematics of the fixed-order seed event. In the tail of
the distribution where we can neglect the Sudakov suppression and set � = 1, we obtain after
plugging in the definition of H:

hOi =

Z ⇥
B̄(�B) � B(�B)

⇤ D(�B ,�1)

B(�B)
⇥(µ2

PS � t)O(�R) d�B d�1

+

Z
R(�R)O(�R) d�R. (13)

To order ↵s we have B̄ = B and the first integral cancels as required by the matching conditions,
thus restoring the fixed-order result. This explicitly demonstrates how variations in the parton
shower contributions induced by S-events are subtracted by the MC@NLO subtraction terms D
in the definition of H. Numerically, however, this cancellation can be severely spoiled, poten-
tially leading to sizeable deviations from the fixed order result. For this to occur, the following
conditions have to be met:

1) The NLO corrections, and therefore the term B̄ � B, must be numerically large. With an
NLO K-factor of about 1.6, this is certainly true for Higgs boson pair production.

2) The numerical value of the parton shower splitting kernels must be comparable to the
fixed-order real emission matrix elements. In combination with item 1) this leads to a
large relative impact of the first line in equation (13)

5

Cancellation spoiled if: 

• Large NLO corrections (           ) 

• Splitting kernels over Born (         ) 
numerically large compared to real 
radiation 

• Phase space accessible to the PS 
(depends on scale        and PS 
evolution variable   )

B̄ �B
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variation

D/B
<latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit><latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit><latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit><latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit>

8
<latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit>

8
<latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit>

µPS
<latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit>

t
<latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit><latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit><latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit><latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit>

NLO Showered Results (II)
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NLO Showered Results (III)


