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DIS

s = (p+ k)2, Q2 = −q2 = −(k − k′)2, x = Q2/(2p · q)

dσ = κ

(
α

Q2

)2

Lµν Hµν

Hµν =
∑
X

(2π)Dδ (p− pX − q) 〈p|Jµ(0)|X〉〈X|Jν(0)|p〉
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hadronic tensor

Hµν =
∑
X

(2π)Dδ (p− pX − q) 〈p|Jµ(0)|X〉〈X|Jν(0)|p〉

=

∫
dDy eiq·y〈p|Jµ(y)Jν(0)|p〉

=

∫
dDy eiq·y〈p| [Jµ(y), Jν(0)] |p〉

nucleon dynamics encoded in Lorentz-invariant form factors

Hµν =F1(x,Q2)

(
qµqν
q2
− gµν

)
+ F2(x,Q2) . . .

factorization and (universal) PDFs

Fi(x,Q
2) =

∫ 1

x

dξ

ξ
Ci,a(ξ,Q

2, µ2)faR(x/ξ, µ2) + . . .
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PDFs from field theory

Mi(ζ, P ) = 〈P |ψ̄(ζ)Γi P exp

(
−ig

∫ ζ

0
dη A(η)

)
ψ(0)|P 〉

light-cone PDF: ζ = (0, y−,~0⊥):

f(x, µ) =

∫
dy−

4π
e−i(xP

+)y−M+(y−, P+)

quasi-PDF, time-independent quantity: ζ = (0, 0, 0, z):

q(x, µ,MN , Pz) =

∫
dz

4π
e−i(xPz)zMz(z, Pz)

Pz→∞−→ f(x, µ)
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toy model: DIS in φ3
6

F (x,Q2) =

∫
dy eiqy 〈P |jR(y)jR(0)|P 〉

F (x,Q2) =

∫ ∞
1

dη

η
C(η,Q2/µ2, gR) fR(ηx, gR,mR, µ) + . . .

=

∫ 1

0

dξ

ξ
C(ξ,Q2/µ2, gR) fR(x/ξ, gR,mR, µ) + . . .

= (C ⊗ fR) (x) + . . .
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light-cone bilocal operators

F(q+) = q+

∫
dy−

2π
e−iq

+y− φ(y)φ(0) −→ fR(x) = 〈P |FR(xP+)|P 〉

FR(q+) =

∫ ∞
1

dη

η
K(η, gR, ε)F(ηq+, gR,mR, µ, ε)

=

∫ 1

0

dη

η
K(η, gR, ε)F(q+/η, gR,mR, µ, ε)

= (K ⊗F) (q+)
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renormalization at 1-loop

f̂R (x) =
(
K ⊗ f̂

)
(x)

K (η, α) = (1 + ακ) δ (1− η) + αK(1) (η) +O
(
α2
)

f̂
(
x, µ2, ε

)
= z

(
µ2, ε

)
δ(1− x) + α f̂ (1)

(
x, µ2, ε

)
+O

(
α2
)

K (η, α) =

(
1− α

12

1

ε

)
δ (1− η)− α 1

ε

η − 1

η2
+O

(
α2
)
.
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DIS at 1-loop
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IR picture

F (x,Q2) ∼
(
f ⊗ F̂

)
(x)

∼
(
f ⊗ K̄ ⊗ C

)
(x)

∼
(
f̄R ⊗ C

)
(x)

where

K̄ ⊗ C = F̂

C is IR-finite
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IR picture at 1-loop

F
(
x,Q2

)
=

∫ 1

x

dξ

ξ
f̄R (ξ)

(
F̂

(
x

ξ
,Q2

)
− IR

)

F̂ = K̄ ⊗
(
F̂ − IR

)

K̄ (η, α) =

(
1− α

12

1

ε

)
δ (1− η)− α 1

ε

η − 1

η2
= K(η, α)

f̄R
(
x,Q2

)
= fR

(
x,Q2

)
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position space matrix element

M
(
ν, z2

)
= 〈P |φ(z)φ(0)|P 〉 .

z 0

−p p

z 0

−p p

`

z 0

−p p

`
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perturbative computation

M̂(0)(ν, z2) = exp[−ip · z] = exp[−iν] = M̂(0)(ν, 0)

M̂(1)
self

(
ν, z2

)
=

[
1 +

α

6

(
1

ε
+ log

m2

µ2
+ b

)]
M̂(0)

(
ν, z2

)
M̂(1)

op

(
ν, z2

)
= g2

∫ 1

0
dx (1− x)

(
M2

µ2

)D/2−3

K
(
z2M2

)
M̂(0) (xν, 0)

where

M2 = m2
(
1− x+ x2

)
K(z2M2) =

∫
q̂E

eiq̂E ·ζ̂E

(q̂E + 1)3

=
1

(4π)3
(4π)3−D/2

∫ ∞
0

dT

T
T 3−D/2e−T e−ζ̂

2
E/(4T )

ζ̂µE = MzµE , ζ̂
2
E = −M2z2 , q̂µE = qµE/M
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light-like separation

M̂ (ν, 0) =

[
1 +

α

6

(
1

ε
+ log

m2

µ2
+ b

)]
M̂(0) (ν, 0)

+ α

∫ 1

0
dx (1− x)

(
1

ε
+ log

µ2

m2 (1− x+ x2)

)
M̂(0) (xν, 0) .

renormalization kernel:

M̂R

(
ν, µ2

)
=

∫ 1

0
dyK (y)M̂ (yν, 0) .

K (y) =

[
1− α

6

1

ε

]
δ (1− y)− α 1

ε
(1− y)
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light-like separation

M̂R

(
ν;µ2

)
=

[
1 +

α

6

(
log

m2

µ2
+ b

)]
M̂(0) (ν, 0)

+ α

∫ 1

0
dx (1− x) log

µ2

m2 (1− x+ x2)
M̂(0) (xν, 0) .

µ2 d

dµ2
M̂R

(
ν;µ2

)
= α

∫ 1

0
dxP (x) M̂R

(
xν;µ2

)
+O (α) ,

with the O (α) splitting kernel given by

P (x) = (1− x)− 1

6
δ (1− x) = (1− x)+ +

1

3
δ (1− x) .
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spatial separation

no UV divergences in K for z2
3 6= 0

K
(
−z2

3 ,M
2
)

=
1

(4π)3

∫ ∞
0

dT

T
e−TM

2
e−

z23
4T =

1

(4π)3
2K0 (Mz3)

renormalized operator

M̂R

(
ν, z2

3 ;µ2
)

=

[
1 +

α

6

(
log

m2

µ2
+ b

)]
M̂(0)

(
ν, z2

3

)
+ α

∫ 1

0
dx (1− x) 2K0 (Mz3)M̂(0)

(
xν, z2

3

)
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factorization theorem

M̂R

(
ν,−z2

3 ; µ2
)

= M̂R

(
ν, µ2

)
+

+ α

∫ 1

0
dx (1− x)

(
2K0 (Mz3)− log

µ2

M2

)
M̂R

(
xν, µ2

)
using

M̂R

(
ν, µ2

)
=

∫ 1

−1
dξ eiξν f̂R

(
ξ, µ2

)
yields

M̂R

(
ν,−z2

3 ;µ2
)

=

∫ 1

−1
dξ C̃

(
ξν,mz3,

µ2

m2

)
f̂R
(
ξ, µ2

)

C̃

(
ξν,mz3,

µ2

m2

)
= eiξν − α

∫ 1

0
dx (1− x)

(
2K0 (Mz3)− log

µ2

M2

)
eixξν
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IR behaviour & scaling of pseudo PDF

for Mz3 � 1

2K0 (Mz3) = − log
(
M2z2

3

)
+ 2 log

(
2e−γE

)
+O

(
M2z2

3

)
and therefore

M̂R

(
ν,−z2

3 ; µ2
)

=

∫ 1

−1
dξ C̃

(
ξν, µ2z2

3

)
f̂R
(
ξ, µ2

)
+O(m2z2

3)

C̃
(
ξν, µ2z2

3

)
= eiξν − α

∫ 1

0
dx (1− x) log

(
µ2z2

3

e2γE

4

)
eixξν

Wilson coefficient is IR-safe

z2 depence only at O(α)
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quasi PDF

Fourier transform to momentum space

qR
(
y, µ2, P 2

3

)
=
P3

2π

∫ ∞
−∞

dz3 e
−iyP3z3M̂R

(
P3z3,−z2

3

)
we get

qR
(
y, µ2, P 2

3

)
=

∫ 1

−1

dξ

|ξ|
C

(
y

ξ
,
m2

ξ2P 2
3

,
µ2

m2

)
fR
(
ξ, µ2

)

C

(
η,

m2

ξ2P 2
3

,
µ2

m2

)
=

∫ 1

0
dx (1− x)×

×

 1√
(η − x)2 + M2

ξ2P 2
3

− δ (x− η) log
µ2

M2

 .
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large momentum limit

for M2/(ξ2P 2
3 )� 1

lim
M2

ξ2P2
3
→0

C

(
η,

M2

ξ2P 2
3

,
µ2

M2

)
= C

(
η,

µ2

ξ2P 2
3

)
=

= δ (1− η) + α


(1− η) log η

η−1 + 1

(1− η) log
[
4η (1− η)

ξ2P 2
3

µ2

]
+ 2η − 1

− (1− η) log η
η−1 − 1

Wilson coefficient is IR-safe
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QCD matrix elements

MΓ,A(z) = ψ̄(z)ΓλA P exp

(
−ig

∫ z

0
dη A(η)

)
ψ(0)

Ioffe time distributions

Mγµ,A(z, P ) = 〈P |Mγµ,A(z)|P 〉

Lorentz covariance

Mγµ,A(z, P ) = Pµhγµ,A(z · P, z2) + zµh′γµ,A(z · P, z2)
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lattice observables - 1

ORe
γ0

(
zPz, z

2
)
≡ Re

[
hγ0,3

(
zPz, z

2
)]

OIm
γ0
(
zPz, z

2
)
≡ Im

[
hγ0,3

(
zPz, z

2
)]
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[C Alexandrou et al 18]
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lattice observables - 2

inverse Fourier transform

ORe
γ0

(
zPz, z

2, µ2
)

=

∫ ∞
−∞

dx cos (xPzz)

∫ +1

−1

dy

|y|
C3

(
x

y
,

µ

|y|Pz

)
f3

(
y, µ2

)
OIm
γ0
(
zPz, z

2, µ2
)

=

∫ ∞
−∞

dx sin (xPzz)

∫ +1

−1

dy

|y|
C3

(
x

y
,

µ

|y|Pz

)
f3

(
y, µ2

)

f3

(
x, µ2

)
=

{
u
(
x, µ2

)
− d

(
x, µ2

)
if x > 0

−ū
(
−x, µ2

)
+ d̄

(
−x, µ2

)
if x < 0
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factorization formula for lattice observables
using the explicit expressions for C3

ORe
γ0 =

∫ 1

0
dx CRe

3

(
x, z,

µ

Pz

)
V3 (x, µ) = CRe

3

(
z,
µ

Pz

)
~ V3

(
µ2
)

OIm
γ0 =

∫ 1

0
dx C Im

3

(
x, z,

µ

Pz

)
T3 (x, µ) = C Im

3

(
z,
µ

Pz

)
~ T3

(
µ2
)

where V3 and T3 are the nonsinglet distributions defined by

V3 (x) = u (x)− ū (x)−
[
d (x)− d̄ (x)

]
T3 (x) = u (x) + ū (x)−

[
d (x) + d̄ (x)

]
LO : ORe

γ0

(
zPz, z

2, µ2
)

=

∫
dx cos(zPzx)V3(x, µ2)
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Bjorken scaling of ME
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systematic errors

• cut-off effects

• finite volume effects

• excited states contamination

• truncation effects

• higher-twist terms

• isospin breaking

Scenario Cut-off FVE Excited states Truncation
S1 10% 2.5% 5% 10%
S2 20% 5% 10% 20%
S3 30% e−3+0.062z/a% 15% 30%
S4 0.1 0.025 0.05 0.1
S5 0.2 0.05 0.1 0.2
S6 0.3 e−3+0.062z/a 0.15 0.3
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closure test – 1
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closure test – 2
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fit results
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outlook

• light-cone PDFs + factorization describe the structure of the proton

• necessary input for the exploitation of LHC, HL-LHC

• current extraction from data is very precise + improving

• lattice data provide complementary information, can be included in
global fits like any other data

• identify the areas where a significant phenomenological impact from
lattice QCD is possible
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