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Quark Mo del of Hadrons

² In the early 1960's,many new strongly-interactingparticles (hadrons) werediscovered,all apparently
as `fundamental'as the familiar proton, neutronand ¼-meson.

² In 1964, Gell-Mann and Zweig (independently) noticed that the quantum numbers of
all the known hadrons corresponded to those of collections of 2 or 3 spin one-
half, fractionally-charged constituents, called quarks by Gell-Mann (Nobel Prize 1969).
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{ Zweig (unpublishedCERNpreprint) calledthem `aces'.
{ Quarks wereregarded as `mathematical'entities becausethey werenot seenindividually.
{ Also they seemedto violate the spin-statisticstheorem: some hadronscorresponded to totally

symmetriccombinationsof 3 identical quarks.
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Colour

² Han and Nambu (1965, also Greenberg) solvedthe spin-statisticsproblem by proposing that quarks
havea new \colour" degreeof freedomwhich can take 3 values(red, green, blue), with respect to
which the `symmetrical'quark statesare antisymmetric.Associated symmetrygroup SU(3).
{ Originally thought of as a global symmetry,

qa ! q0
a = Uab qb

wherea = 1; 2; 3 and the symmetrytransformationsare representedby constant (i.e. space-time
independent)3£ 3 unitary matricesU , which mix the colourswhile preservingthe normalization.

{ Observedstatesq¹q, qqq are colour singlets.
{ It was necessary to postulate that non-singletstates(q, qq, (q¹q) 8, . . . ) are forbidden.

² The notion of quarks as `real' rather than `mathematical' constituents of hadronswas considered
quite implausible. . . until amazingexperimentaldata started arriving from the new Stanford Linear
Accelerator Centre(SLAC).
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Deep inelastic electron scattering

² The SLAC experiments(1967) probed the structure of the proton by scatteringhigh-energyelectrons

² Usefuldimensionlessvariablesare:

x =
¡ q2

2p ¢q
=

Q 2

2M (E ¡ E 0)
; y =

q ¢p

k ¢p
= 1 ¡

E 0

E

whereQ 2 = ¡ q2 > 0, M = proton mass,and energiesrefer to target rest frame.

² Elasticscatteringhasx = 1. Deepinelasticscattering(DIS) meansQ 2 À M 2 and x < 1.
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² Structure functionsF i (x; Q 2) parametrisetarget structure as `seen'by virtual photon:

d2¾

dxdy
=

8¼®2M E

Q 4

·µ
1 + (1 ¡ y) 2

2

¶
2xF 1 + (1 ¡ y)( F 2 ¡ 2xF 1) ¡ (M =2E )xy F 2

¸

² Bjorken limit is Q 2 ! 1 and p ¢q ! 1 with x ¯xed. In this limit structure functionswere found
to obey approximate Bjorken scaling(1969), i.e. they depend only on dimensionlessvariable x :

F i (x; Q 2) ¡ ! F i (x )

² Although Q 2 variesby two ordersof magnitude,in ¯rst approximation data lie on universalcurve.
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Implications of Bjorken scaling

² Bjorken scalingimpliesthat virtual photon is scatteredby pointlike constituents { partons (Feynman,
1969) | otherwisestructure functions would depend on ratio Q=Q 0, with 1=Q 0 a length scale
characterizingsizeof constituents.

² Quantitative study over the next few years establishedthat thesepointlike partons had spin one-half
and fractional charges,consistentwith thoseexpectedfor the quarks of Gell-Mannand Zweig.
{ However,the quark werefound to carry only about one-halfof the momentumof the target proton
{ The other half must be carried by strongly-interacting,neutral, bosonicconstituents.. .

² Moderndata show weak(logarithmic) scalingviolation, understood asa calculablehigher-order e®ect.
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Yang-Mills theory

² Back in 1954, Yang & Mills had shown that one could extend the notion of local gaugeinvariance
from the AbelianU(1) symmetrygroup of QED:

Ãe(x ) ! Ã 0
e(x ) = U (x ) Ãe(x )

whereU (x ) = eiÁ (x ) , to a non-Abeliansymmetrygroup:

Ãa(x ) ! Ã 0
a(x ) = Uab(x ) Ãb(x )

wherea = 1; : : :N and U(x ) 2 SU(N) is a space-timedependentN£ N unitary matrix, which mixes
the N statesÃa while preservingthe normalization.
{ As in QED, gaugeinvariancethen requiresthe existenceof a vector gauge¯eld
{ Quanta of the gauge ¯eld would be masslessspin-1 particles, analogous to the photon,

communicatinglong-rangeforces

² In 1954,this did not ¯t with the propertiesof eitherstrongor weaknuclear interactions.SoYang-Mills
theory was ignored.

² EvenQED wasregardedasa sick theory (seelater), and quantum¯eld theory went out of fashionfor
about 15 years. . .
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AND THEN . . .

² The SLAC resultsprompted renewed interest in a ¯eld theory of the strong interactionsof pointlike
quarks.

² Fritzsch & Gell-Mann (1971, also Weinberg) proposed that the strong interaction is an SU(3)
Yang-Millsgaugetheory: Quantum ChromoDynamics.
{ Quanta of the colour ¯eld (gluons) would communicatethe strong force betweenquarks
{ Gluonexchangeforceswould be attractive in colour singletstates
{ Gluonscould alsocarry the `missingmomentum'of the proton

² But why shouldquarks behavelike almost-freeparticles in DIS?

² And why shouldcolour non-singletstatesbe forbidden?
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Quantum Chromodynamics

² QCD is an SU(3) gauge ¯eld theory: quarks come in 3 \colours" (a = 1; 2; 3) and the gauge
transformations are representedby 3£ 3 unitary matricesU , which mix the colourswhile preserving
the normalization:

qa(x ) ! q0
a(x ) = Uab(x ) qb(x )

Uab(x ) = ei t ¢µ(x )

t ¢µ ´
8X

A =1

t A µA

whereµA are 8 real parametersand t A , the generators of SU(3), are the 8 linearly independent3 £ 3
tracelesshermitian matrices.

{ Conventionalnormalization is Tr ( t A t B ) = 1
2±AB

{ The theory is non-Abelian, i.e., successivegaugetransformations do not commute: [t A ; t B ] =
if AB C t C wherethe structure constantsof the gaugegroup, f AB C , are totally antisymmetric.

{ t ¢t = CF I whereCF = 4
3 is the \quark colour charge squared"

{
P

A;B f AB C f AB D = CA ±C D whereCA = 3 is the \gluon colour charge squared"
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² The QCD Lagrangiandensity is

L QCD = ¡ 1
4F A

¹º F A¹º +
X

°avoursf

¹qf
a [i° ¹ (D ¹ )ab ¡ m f ±ab] qf

b

{ Gluon¯eld strength tensor F A
¹º = @¹ A A

º ¡ @º A A
¹ ¡ gSf AB C A B

¹ A C
º

{ Covariant derivative(D ¹ )ab = @¹ ±ab + ig S ( t ¢A ¹ )ab
{ A A

¹ are the gluon ¯elds (A = 1; : : : ; 8)
{ gS is the QCD coupling;by analogywith QED we de¯ne ®S ´ g2

S=4¼

² The third term in the gluon ¯eld strength tensor is essentialfor gaugeinvariance of L QCD. Notice
that it would vanishfor an Abelian (commuting) gaugegroup (f AB C = 0).

² As a consequence of this term, there are 3-gluon and 4-gluon self-interactions:

p r

qA,

C,

B,
m

n

l

B,A,

C, D,

m n

l r
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E®ective Charge

² In QED the observedelectroncharge is distance-dependent() momentumtransfer dependent) due
to vacuumpolarization:
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² The one-loop vacuumpolarization diagram

is log-divergentand can be regularized by introducinga cut-o®¤ .
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² Then the observedcouplingat momentumtransferq¹ is

q q

®(q2) = ®bare

Ã

1 +
®

3¼
ln

q2

¤ 2
+ ¢¢¢

!

Thus

q2 d®

dq2
=

®2

3¼
+ ¢¢¢´ ¯ QED(®)

wherethe QED ¯ -function ¯ QED(®) > 0. At one-loop order, we ¯nd

Z ®(Q2)

1=137

d®

®2
=

1

3¼

Z Q2

m 2
e

dq2

q2
=

1

3¼
ln

Q 2

m 2
e

) ®(Q 2) =
1

137 ¡ 1
3¼ ln Q2

m 2
e

² Therefore ® ! 1 at Q 2 = e411¼m 2
e and is not de¯ned at higherscales(shorter distances).

² This led to the view (Landau, 1954) that QED is not a well-de¯ned theory, and more generallyto a
lack of con¯dencein quantum ¯eld theory, which lastedfor about 15 years.
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Asymptotic Freedom

² In QCD there are additional contributionsfrom gluon self-interaction:

gf

f

q

q g

As a consequence,the ¯ -function changes.Now

®S(q2) = ®S,bare

Ã

1 +
n f

6¼
®S ln

q2

¤ 2
¡

11

12¼
CA ®S ln

q2

¤ 2
¡ ¢¢¢

!

wheren f is the number of quark °avours. Hence¯ QCD(®S) = ¯ 0®2
S ¡ ¢¢¢ where

¯ 0 =
1

12¼
(2n f ¡ 11CA ) < 0

² The gluonic contribution to the vacuumpolarization reversesthe sign of the ¯ -function, so that the
strong coupling ®S decreasesat large q2 (short distances). This is called asymptotic freedom. It
impliesthat quarks behaveas (almost) free particles at short distances,and perturbation theory can
be usedfor hard processes, i.e. processesinvolving large momentumtransfers,suchas DIS.
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Non-Ab elian Vacuum Polarization

E

r ¢E = g ±3( r ) + g (A ¢E ¡ A ¢E )
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Non-Ab elian Vacuum Polarization

E

A

r ¢E = g (A ¢E ¡ A ¢E )
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Non-Ab elian Vacuum Polarization

E

A

E

r ¢E = g (A ¢E ¡ A ¢E )
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Non-Ab elian Vacuum Polarization

E

A

E

r ¢E = g ±3( r ) + g (A ¢E ¡ A ¢E )
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The Vacuum as a Magnetic Medium

² In a dielectric,screeningof the e®ectivecharge correspondsto " > 1, anti-screeningto " < 1.

² Since"¹ = 1 for the vacuum,anti-screeningimpliesmagneticsusceptibility Â = ¹ ¡ 1 > 0, i.e. a
paramagneticvacuum.

² Vacuumpolarization due to quanta of spin S givesa vacuumsusceptibility proportional to

( ¡ 1) 2S
·

(2S)2 ¡
1

3

¸

Thus S = 0 and 1
2 give diamagnetic(screening)contributions,but gaugebosonsgive anti-screening.

² The existenceof large numbersof new spin-0and/or spin-12 particles at higherenergiescould modify
or evendestroy asymptoticfreedom.
{ This is exactlywhat happensin supersymmetricextensionsof the Standard Model.
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History of Asymptotic Freedom

1954 Yang & Mills study vector ¯eld theory with non-Abeliangaugeinvariance.

1965 Vanyashin & Terentyev compute vacuumpolarization due to a massivecharged vector ¯eld. In our
notation, they found

¯ 0 =
1

12¼

µ
¡

21

2
= ¡ 11 +

1

2

¶

{ The 1
2 comesfrom longitudinalpolarization states(absentfor masslessgluons)

{ They concludedthat this result \. . . seemsextremelyundesirable".

1969 Khriplovichcorrectly computesthe one-loop ¯ -function in SU(2) Yang-Millstheory usingthe Coulomb
gauge

¯ 0 =
CA

12¼
(¡ 12 + 1 = ¡ 11)

{ In Coulombgaugethe anti-screening({12) is due to an instantaneousCoulombinteraction
{ He did not make a connectionwith strong interactions

1971 't Hooft correctly computesthe one-loop ¯ -function for SU(3) gaugetheory but doesnot publishit.
{ He wrote it on the blackboard at a conference
{ His supervisor (Veltman) told him it wasn't interesting
{ 't Hooft & Veltman receivedthe 1999 Nobel Prize for proving the renormalizability of QCD (and

the wholeStandard Model).
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1972 Fritzsch& Gell-Mannproposethat the strong interaction is an SU(3) gaugetheory, later namedQCD
by Gell-Mann

1973 Gross& Wilczek, and independentlyPolitzer, computeand publishthe 1-loop ¯ -function for QCD

¯ 0 =
1

12¼
(2n f ¡ 11CA )

) 2004Nobel Prize (now that 't Hooft hasoneanyway . . . )

1974 Caswell & Jonescomputethe 2-loop ¯ -function for QCD

1980 Tarasov,Vladimirov& Zharkov computethe 3-loop ¯ -function for QCD

1997 van Ritbergen,Vermaseren& Larin computethe 4-loop ¯ -function for QCD
(» 50; 000 Feynmandiagrams)

\. . . We obtainedin this way the following result for the 4-loop beta function in the MS -scheme:

q2@as

@q2
= ¡ ¯ 0a2

s ¡ ¯ 1a3
s ¡ ¯ 2a4

s ¡ ¯ 3a5
s + O(a6

s)

whereas = ®S=4¼ and . . .
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¯ 0 =
11

3
CA ¡

4

3
TF n f

¯ 1 =
34

3
C 2

A ¡ 4CF TF n f ¡
20

3
CA TF n f

¯ 2 =
2857

54
C 3

A + 2C 2
F TF n f ¡

205

9
CF CA TF n f

¡
1415

27
C 2

A TF n f +
44

9
CF T 2

F n 2
f +

158

27
CA T 2

F n 2
f

¯ 3 = C 4
A

µ
150653

486
¡

44

9
³ 3

¶
+ C 3

A TF n f

µ
¡

39143

81
+

136

3
³ 3

¶

+ C 2
A CF TF n f

µ
7073

243
¡

656

9
³ 3

¶
+ CA C 2

F TF n f

µ
¡

4204

27
+

352

9
³ 3

¶

+46 C 3
F TF n f + C 2

A T 2
F n 2

f

µ
7930

81
+

224

9
³ 3

¶
+ C 2

F T 2
F n 2

f

µ
1352

27
¡

704

9
³ 3

¶

+ CA CF T 2
F n 2

f

µ
17152

243
+

448

9
³ 3

¶
+

424

243
CA T 3

F n 3
f +

1232

243
CF T 3

F n 3
f

+
dabcd

A dabcd
A

N A

µ
¡

80

9
+

704

3
³ 3

¶
+ n f

dabcd
F dabcd

A

N A

µ
512

9
¡

1664

3
³ 3

¶

+ n 2
f

dabcd
F dabcd

F

N A

µ
¡

704

9
+

512

3
³ 3

¶
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Here ³ is the Riemannzeta-function(³ 3 = 1:202 ¢¢¢) and the colour factors for SU(N ) are

TF =
1

2
; CA = N ; CF =

N 2 ¡ 1

2N
;

dabcd
A dabcd

A

N A
=

N 2(N 2 + 36)

24
;

dabcd
F dabcd

A

N A
=

N (N 2 + 6)

48
;

dabcd
F dabcd

F

N A
=

N 4 ¡ 6N 2 + 18

96N 2

Substitution of thesecolour factors for N = 3 yieldsthe following numericalresultsfor QCD:

¯ 0 ¼ 11 ¡ 0:66667n f

¯ 1 ¼ 102 ¡ 12:6667n f

¯ 2 ¼ 1428:50 ¡ 279:611n f + 6:01852n 2
f

¯ 3 ¼ 29243:0 ¡ 6946:30n f + 405:089n 2
f + 1:49931n 3

f
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QCD Running Coupling

² We haveq2 d®S
dq2 = ¯ QCD(®S)

² Hence
Z ®S(Q2)

®S( ¹ 2)

d®S

¯ QCD(®S)
=

Z Q2

¹ 2

dq2

q2
= ln

Q 2

¹ 2

² In lowest order, ¯ QCD(®S) = ¡ ¯ 0®2
S and thus

1

®S(Q 2)
¡

1

®S( ¹ 2)
= ¯ 0 ln

Q 2

¹ 2

) ®S(Q 2) =
®S( ¹ 2)

1 + ®S( ¹ 2) ¯ 0 ln( Q 2=¹ 2)

² We had to introduce a dimensionfulparameter ¹ to specify the boundary conditions. Alternatively,
we can de¯ne ¤ QCD (not to be confusedwith the cut-o®¤ introducedearlier) as the scaleat which
the (perturbative) solutiondiverges. . .
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1

®S(Q 2)
¡ 0 = ¯ 0 ln

Q 2

¤ 2
QCD

) ®S(Q 2) =
1

¯ 0 ln( Q 2=¤ 2
QCD)

as

L2

?

Q22
ZmQCD

0.118

² Experimentallythe fundamentalscaleof QCD is

¤ QCD ' 210 § 40 MeV
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² Measurementsat di®erentscalesshow clear evidencethat ®S doesrun:

QCD
O(����
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² Using the formula for the running of ®S, measurementsat di®erent scalescan be expressedas
measurementsof ®S(M 2

Z ) :

jets & shapes 161 GeV 
jets & shapes 172 GeV 

0.08 0.10 0.12 0.14
� ��� � ���s Z

� -decays  [LEP]

xF   [�� -DIS]
F   [e-, � -DIS]

	  decays

 
� Z  --> had.) [LEP]

e  e  [�������+
had

_
e  e  [jets & shapes 35 GeV]+ _

�� pp -->�jets)

pp -->�bb X

0

QQ + lattice QCD

DIS [GLS-SR]

2
3

pp, pp -->�
  X

DIS [Bj-SR]

e  e  [jets & shapes 58 GeV]+ _

jets & shapes [HERA]

jets & shapes 133 GeV

e  e  [jets & shapes 22 GeV]+ _

e  e  [jets & shapes 44 GeV]+ _

e  e  [�������+ had
_

jets & shapes 183 GeV

DIS [pol. strct. fctn.]

jets & shapes 189 GeV

e  e  [scaling. viol.]+ _

jets & shapes 91.2 GeV [LEP]

Bryan Webber, Asymptotic Freedom,CPS,3 Nov 2004 29



² Non-perturbative(lattice) studiesof QCD indicatethat forcebetweentwo colourcharges(e.g. quarks)
becomesconstantat large distances,correspondingto a linear potential.

² It followsthat quarks(andgluons)cannotbeobservedasisolatedobjectsandexistonly in colour-singlet
bound states. Thus QCD explainsquark con¯nement.

q q

q q q q
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Grand Uni¯cation

² The completeStandard Model covariant derivativeis

D ¹ = @¹ + ig S t ¢A ¹ + ig I ¢W ¹ + ig 0Y B ¹

whereextra terms representthe SU(2) and U(1) electroweakgauge¯eld interactions.

² We would like to write this as
D ¹ = @¹ + ig GUTT ¢X ¹

wheregGUT is couplingof a GrandUni¯ed Theory with gauge¯elds X ¹
®, and the gaugegroup G is a

simpleLie group with generators T®.
{ De¯nition: A simpleLie group is onewith no invariant subalgebras,

i.e. no A suchthat X ® 2 A implies[X ®; X ¯ ] 2 A for all X ¯ 2 G .
{ Theorem: G is simplei®

TrR (T®T¯ ) = N R ±®¯

where TrR represents a sum over all states in a representation R of G and N R is a number
characteristicof the representationR .
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² For R = a Standard Model generation,e.g. u , d, e¡ and º e, we have

TrR ( t 3t 3) = TrR ( t 8t 8) = TrR ( I 3I 3) = 2 ; TrR (Y 2) =
10

3

² Hencefor granduni¯cation we require

gGUT = gS = g =

r
5

3
g0

² However,this shouldhold at the GUT energyscale,not at presentenergies.. .
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Running of Standard Mo del Couplings

² Setting ®3 =
g2

S
4¼, ®2 = g2

4¼, ®1 = 5
3

g02

4¼, we have(ignoring Higgscontributions)

q2d®i

dq2
= ¡

®2
i

¼

µ
11

12
C1 ¡

1

3
C2

¶

where

Tr (T A T B ) = C1±AB (gaugebosons)

Tr ( t at b) = C2±ab (fundamentalfermions)

² For SU(N), C1 = N , C2 = n f =2, and for n g generationswe therefore ¯nd (now including Higgs
contributions)

q2d®3

dq2
= ¡

®2
3

¼

µ
11

4
¡

1

3
n g

¶

q2d®2

dq2
= ¡

®2
2

¼

µ
11

6
¡

1

3
n g ¡

1

24

¶

q2d®1

dq2
= ¡

®2
1

¼

µ
¡

1

3
n g ¡

1

40

¶
:
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² Then running couplingsalmost meet at scale» 1016 GeV.
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² Adding supersymmetric partners for all Standard Model particles gives much better uni¯cation,
providedsuperpartner massesare not more than » 1 TeV ) Large HadronCollider
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Conclusion: How to Win the Nobel Prize in Physics

² Discoveror predict somethingimportant

² Understandits signi¯cance

² Publish¯rst

² Be · 3

² For theorists: be con¯rmed by experiment

² Live long enough

N.B. All are necessary, but not su±cient!

Thanksto Marek Karliner for many helpful suggestions& references
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Iosif Khriplovich Gerhard 't Hooft
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