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Deep Inelastic Scattering

| Consider lepton-proton scattering via exchange of virtpabton:

y
k
q
P
| Standard variables are:
_ q’ Q?
X = —
2p g 2M(E E9
E 0
y = ﬁ =1 -
P E
whereQ? = @g°> 0, M % = p? and energies refer to target rest frame.

| Elastic scattering hagp + q)° = M 2, i.e. x = 1. Hencedeep inelasticscattering (DIS)
meansQ? M Zandx< 1.



| Structure functionsF;(x; Q %) parametrise target structure as “seen' by virtual photon.
De ned in terms of cross section

d? 8 *ME 1+(1 y)?
= 2XF ¢
dxdy Q4 2

+(1  y)(F2 2xFi1) (M=2E)xyF:

| Bjorken limitis Q% p q! 1 with x xed. In this limit structure functions obey
approximateBjorken scalindaw, i.e. depend only on dimensionless variable

Fi(Q% ! Fi(x):

| Bjorken scaling implies that virtual photon is scattered aimost-freepointlike constituents
(partong | otherwise structure functions would depend on ratioQ=Q o, with 1=Q¢ a
length scale characterizing size of constituents.

| How can partons be bound inside hadrons but still appear anfeee at highQ2?
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| Figure shows , structure function for proton target. AlthoughQ? varies by two orders of
magnitude, in rst approximation data lie on universal cuv



Parton modelof DIS is formulated in a frame where target proton is movingry fast |
in nite momentum frame .

\Y

Suppose that, in this frame, photon scatters from pointlikpiark with fraction of

proton's momentum. Sincé p + )= mi  Q? we musthave = Q°=2p g = x.

In terms of Mandelstam variable$; £ @, spin-averaged matrix element squared for
massles®q ! eq scattering is

*x— a2 + ny?
e 2 2_4
M} “=2eqe 2

P
where  denotes average (sum) over initial ( nal) colours and spins
In terms of DIS variables = Q2 & =/(y 1) and$é = Q?=y. Di erential cross

section is then
d2/\ 2

4 L2 |
hdo?” orltt@ WAZE )

From structure function de nition (neglectingV )

d’ 4 2 1
o7t o Lt AR

(F2  2xFq)

Hence structure functions for scattering from parton withamentum fraction is

Fo= xe? (x  )=2xFy:



v Suppose probability that quark] carries momentum fraction betweenand + d is
g( )d . Then

X Z1
Fa(x) = dqg()xeg (x )
q 0
X 2
= eqxq(x) =2 xF 1(x) :
q

v RelationshipF, = 2 xF ; (Callan-Gross relatignfollows from spin% property of quarks
(F1 =0 for spin-0).
| Proton consists of threeszalencequarks (uud), which carry its electric charge and baryon
number, and in niteseaof light qq pairs. Probed at scal®, sea contains all quark avours
with m Q. Thus atQ 1 GeV expect

FEM(6) " x[u()+ U]+ gXA() + d(x)+ S0+ S(x)]

where
u(x) = uy(x)+ u(x)
d(x) = dy(x)+ d(x)

s(x) = s(x)



with sum rules Z ., Z 4

dxuvy(x)=2 ; dxdy(x)=1
0 0

Experimentally one ndsP q Rol dx x [q(x)+ qg(x)] ' 0:5.. Thus quarks only carry about
50% of proton's momentum. Rest is carried lyjluons Although not directly measured in
DIS, gluons participate in other hard scattering processesh as larggr jet and prompt
photon production.
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B g MRSA, p*=10 GeV?

x 1(x4%)

Figure shows typical set of parton distributions extractdcom ts to DIS data, at
Q2% =10 GeV.



QCD Running Coupling

| Consider dimensionless physical observableshich depends on a single large energy scale,
Q m wherem is any mass. Then we can sat ! 0 (assuming this limit exists), and
dimensional analysis suggests that should be independent .

| This is not true in quantum eld theory. Calculation ofR as a perturbation series in the
coupling s = g®=4 requiresrenormalizationto remove ultraviolet divergences. This
introduces a second mass scald point at which subtractions which remove divergences
are performed. TherR depends on the rati@= and is not constant. The renormalized
coupling s also depends on.

| But isarbitrary! Therefore, if we hold bare coupling xedR® cannot depend on . Since
R is dimensionless, it can only depend @f= 2 and the renormalized couplings. Hence

> d Q% , @ @ s @
FEEIART R



Introducing !

= In Q—ZZ . (9= 2%;

we have " #
@@ + s)@;@S R=0:
This renormalization group equatiors solved by de ningunning coupling s(Q):
Z Q) gy

= . x) : s( ) S -

Then
@ s(Q) _ ( <)) : @ s(Q) _ ( s(Q)) :

@ @ s (s
and henceR(Q?%= 2; o = R(1; <(Q)). Thus all scale dependence R comes from
running of s(Q).
We shall see QCD iasymptotically free s(Q) ! 0OasQ !1 . Thus for largeQ we

can safely use perturbation theory. Then knowledgeRofl; <) to xed order allows us to
predict variation ofR with Q.



QCD Beta Function

| Running of of the QCD coupling s is determined by the function, which has the
expansion

(9= b 51+ b g+ O( 9

_ (11Ca  2ny), 00— (17CZ 5Cany 3Cgng)
12 ’ 2 (11Ca  2ns) ’

b

wheren¢ is number of \active" light avours. Terms up toO ( g) are known.

Roughly speaking, quark loop \vacuum polarisation" diagrga) contributes negativen;
term in b, while gluon loop (b) gives positiv€ o contribution, which makes function

negative overall.
a) b)

1 2
gep ()= 3 + oo
Thus b coe cients in QED and QCD have opposite signs.

| QED function is



From previous section,

h i
25 - b HQ) 1+ Q) +0( b
Neglectingb® and higher coe cients gives
!
_ () . _ Q?
s(Q) = 1+ o )b =In  —

As Q becomes large, s(Q) decreases to zero: this mssymptotic freedom Notice that
sign ofb is crucial. In QED )b < 0 and couplingincreasesat large Q.

Including next coe cient b° gives implicit equation for s(Q):

1 1 O s(Q) in s( )
s(Q) s( ) 1+ b° 5(Q) 1+ b% 5( )
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What type of terms does the solution of the renormalizatiomogp equation take into
account in the dimensionless physical quant®y(Q?*= 2; g)?

Assume thatR has perturbative expansion
R(1; §= Ry s+ Ry 2+ 0(
RGE solutionR (1; <(Q)) can be re-expressed in terms of( ):

Q) = () b[ s )N°+0(Y
R(1; s(Q) = Ri s()+(R2 b) s )°+0( 9

Thus there are powers of = log( Q%= 2) that are automatically resummed by using the
running coupling.

Notice that aleading order (LO) evaluation ofR (i.e. the coe cient R 1) is not very useful
since g( ) can be given any value by varying the scale

v We need thenext-to-leading order (NLO) coe cient (R, b ) to gain some control of
scale dependence: the dependence of starts to compensate that of g( ).

11
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| Current best t value of s at mass ofZ is [Bethke, hep-ex/0606035]

s(Mz)=0:1189 0:0010

| Uncertainty in g propagates directly into QCD cross sections. Thus we expascbrs at
the percent level (at least) in prediction of cross sectiomiich begin in order s.
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Using the formula for running g(Q) to rescale all measurements tQ
excellent agreement.

DIS [pol. strct. fctn.] —0——

DIS [Bj-SR] —Lo—

DIS [GLS-SR] ——e—L

-decays [LEP] e

XF3 [ -DIS] ——

F [e -DIS] o

Jets & shapes [HERA] .—q—'

QQ + lattice QCD —O
decays ——

€ € [ had o

|

e" e[jets & shapes 22 GeV] H—0—
e" efjets & shapes 35 GeV] H-o0—
e e [ had : @
e" e[jets & shapes 44 GeV] H-o—
et efjets & shapes 58 GeV] +—o—

I
pp --> bb X ——O0——

pp, pp > X —o—
pp -->jets) —o—
70--> had) [LEP] o
et e[scaling. viol.] — o0
jets & shapes 91.2 GeV [LEP] —o—
jets & shapes 133 GeV »—'.0—1

jets & shapes 161 GeV —CQ—
jets & shapes 172 GeV ~ —o0——

jets & shapes 183 GeV —o—
Jets & shapes 189 GeV —O0—
0.08 O 10 0.12 0.14
os(Mz)

Mz gives
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Charge Screening

| In QED the observed electron charge is distance-dependgnt (homentum transfer
dependent) due tacharge screeniny the vacuum polarisation:

Aty
R
—//+ -|-\\- 1
-+ O +,\" 1 | 128
AN + 137 i
S |

1
|

|
|
Y

- rT'% q2
| At short distances (high momentum scales) we see more of thar&" charge) e ective

charge (coupling) increases.

| In contrast, the vacuum polarisation of a non-Abelian gaugkl gives anti-screening
v Consider for simplicity an SU(2) gauge eld: this has 3 \cols". . .

14
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Non-Abelian Vacuum Polarization
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E=9 %r)+ g(A E A E)
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Non-Abelian Vacuum Polarization
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Non-Abelian Vacuum Polarization
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History of Asymptotic Freedom

1954 Yang & Mills study vector eld theory with non-Abelian gauge invariance

1965 Vanyashin & Terentyexxcompute vacuum polarization due to a massive charged veeor.
In our notation, they found

1
b= =11 -
2

The% comes from longitudinal polarization states (absent for sskess gluons)
v They concluded that this result \. . . seems extremely undable"

1969 Khriplovich correctly computes the one-loop-function in SU(2) Yang-Mills theory using
the Coulomb ( A =0) gauge

C
b= 2 (12 1=11)
12
In Coulomb gauge the anti-screening (12) is due to an inséar@ous Coulomb interaction
v He did not make a connection with strong interactions

1971 't Hooft computes the one-loop -function for SU(3) gauge theory but does not publish it.
v He wrote it on the blackboard at a conference
v His supervisor (Veltman) told him it wasn't interesting
v 't Hooft & Veltman received the 1999 Nobel Prize for provingerenormalizabilityof QCD
(and the whole Standard Model).

19



1972 Fritzsch & Gell-Mannpropose that the strong interaction is an SU(3) gauge thedater
named QCD by Gell-Mann

1973 Gross & Wilczek and independentlyPolitzer, compute and publish the 1-loop -function
for QCD:

1
b= —(11C 2n
B (11Ca f)

) 2004 Nobel Prize (now that 't Hooft has one anyway . . .)
1974 Caswel and Jonescompute the 2-loop -function for QCD.
1980 Tarasov, Vladimirov & Zharkoxcompute the 3-loop -function for QCD.

1997 van Ritbergen, Vermaseren & Larcompute the 4-loop -function for QCD
(  50; 000 Feynman diagrams):
\... We obtained in this way the following result for the 4-¢p beta function in the

MS -scheme: @4
CIZ@—(a = oaﬁ 1612> 261;1 332 + O(aﬁ)

whereas = <=4 and...

20
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Here is the Riemann zeta-function g = 1:202 ) and the colour factors for SU\ )
are

1 NZ 1 ddd¥ _ N?(N?+36)
Te= = Ca=N; Cg= ; = :
2 2N N A 24
dEdedszd ~ N (N 2 + 6) . dlazlbcddgbcd _ N 4 6N 2 +18

N, A8 ! Ny 96N 2

| Substitution of these colour factors foN = 3 vyields the following numerical results for
QCD:

0 11 0:66667n+

; 102  12:6667n;

2 1428:50 279:611n; + 6 :01852n7

3 29243:0  6946:30n; + 405 :089n; + 1 :49931n;

| EXxpansion parametefis = <=4 0:01 ) good convergence.

22
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Nonperturbative QCD

|  Corresponding to asymptotic freedom at high momentum ssdlghort distances), we have
infrared slavery s(Q) becomes large at low momenta (long distances). Perturbatio
theory (PT) not reliable for large s, so nonperturbative methods (e.g. lattice) must be
used.

| Important low momentum-scale phenomena:
v Connement partons (quarks and gluons) found only in colour-singlebund states
(hadrons), size 1 fm. If we try to separate them, it becomes energetically faxable to
create extra partons, forming additional hadrons.

q-@-q

v Hadronization partons produced in short-distance interactions reorganthemselves (and
multiply) to make observed hadrons.

| Note that con nement is astatic (long-distance) property of QCD, treatable by lattice
techniques whereas hadronization islgnamical(long timescale) phenomenon: only models
are available at present (see later).

24



Infrared Divergences

| Even in high-energy, short-distance regime, long-dismaspects of QCD cannot be ignored.
Soft or collinear gluon emission givasrared divergences PT. Light quarks (m )
also lead to divergences in the limm 4 ! 0 (mass singularities).

b
0
(6]
(a) (b)
v Spacelike branchinggluon splitting on incoming line (a)
pﬁ = EsE.(1 <cos ) O:
Propagator factorlzpﬁ diverges a£.! O (soft singularity) or ! 0 (collinearor mass

singularity). Ifa andb are quarks, inverse propagator factor is

pﬁ m§= EaEc(1 wvacos ) O;

HenceE. ! 0 soft divergence remains; collinear enhancement becomewexgkénce as
va ! 1, i.e. when quark mass is negligible. If emitted partonis a quark, vertex factor
cancelsE. ! O divergence.

25



v Timelike branching gluon splitting on outgoing line (b)
pi = EpEc(1 cos ) O:

Diverges when either emitted gluon is sofff or E. ! 0) or when opening angle ! 0.
If b and/or c are quarks, collinear/mass singularity imq ! 0 limit. Again, soft quark
divergences cancelled by vertex factor.

| Similar infrared divergences in loop diagrams, associat@th soft and/or collinear
con gurations of virtual partons within region of integration of loop momenta.

| Infrared divergences indicate dependence on long-digasmspects of QCD not correctly
described by PT. Divergent (or enhanced) propagators impippagation of partons over
long distances. When distance becomes comparable with dradize 1 fm, quasi-free
partons of perturbative calculation are con ned/hadromd non-perturbatively, and apparent
divergences disappear.

| Can still use PT to perform calculations, provided we limiurgelves to two classes of
observables:

v Infrared safequantities, i.e. thoseinsensitiveto soft or collinear branching. Infrared
divergences in PT calculation either cancel between real amtual contributions or are
removed by kinematic factors. Such quantities are deteradinprimarily by hard, short-
distance physics; long-distance e ects gip@wer correctionssuppressed by inverse powe
of a large momentum scale.

v Factorizablequantities, i.e. those in which infrared sensitivity can @lesorbednto an overall
non-perturbative factor, to be determined experimentally

26



| Infrared safequantities:

v Total cross section foe"e ! hadrons: real and virtual divergences cancel.
In4 2 dimensiondH( )=1+ O( )]

SLo= Ce—H() S+ -+ f+0()
Born 2
virt S 2 2

= 1+ CF—H() ) - 8+ +O()
Born 2
tot 3 S 2

= 1+ Ce—+ O( g
Born 4

v Event shapes: singularities cancelled by kinematics. EplamareThrust and C-parameter

P .
i 1Pi)
P - P . .2
C = § B JpF;JJpjjsm i
2 ( ipil)?

|  Factorizablequantities: hadronic structure functions; jet fragmentah functions.

27



Scaling Violation and DGLAP Equation

| Bjorken scaling is not exact. This is due to enhancement gfheir-order contributions from
small-angle parton branching, discussed earlier.

| Incoming quark from target hadron, initially with low viral mass-squared to and carrying
a fraction xg of hadron's momentum, moves to more virtual masses and lomwementum
fractions by successive small-angle emissions, and islynstruck by photon of virtual

mass-squared® = Q2.

| Cross section will depend d@? and on momentum fraction distribution of partons seen by
virtual photon at this scaleP (x; Q 2).

| To derive evolution equationfor Q?-dependence oD (x;Q 2), rst introduce pictorial
representation of evolution, also useful for Monte Carlmaiation.

28



0

2

to t Q

| Represent sequence of branchings by path(inx )-space. Each branching is a step
downwards inx, at a value oft equal to (minus) the virtual mass-squared after the
branching.

| At t = to, paths have distribution of starting point® (Xo;to) characteristic of target
hadron at that scale. Then distributio® (x;t ) of partons at scalé is just thex -distribution
of paths at that scale.

| Consider change in the parton distributidd (x;t ) whent is increased td + t . This is
number of paths arriving in elemerftt; x ) minus number leaving that element, divided
by X .

29



Number arriving is branching probability times parton déwsintegrated over all higher
momentax®= x=z,

tZl
D in(X;t)

— dx%z=—P(z)D(x%t) (x zx9
t 2

t 1 dz
t

0

If’\(z)D(x z:t)

| For the number leaving element, must integrate over lowemnenta x °

Z X
D ou(X;t) = %D(x;t) dxodzz—sl'-”\(z) (x°  zx)

0
Z

t 1
—D(x;t) dz—I‘-”\(z)
t 0

= ZX.

| Change in population of element is
D (x;t) = D in D out
Z 1

1
— dz—rﬂ(z) “D(x=z;t) D(xt)
t 0 y4

30



Introduce plus-prescriptiorwith de nition
YA 1 YA 1
i dz f (z) 9(z)+ = . dz [f (z) T ()] 9(2) :

Using this we can de neegularizedsplitting function
P(z)= P(2)+ ;
and obtain Dokshitzer-Gribov-Lipatov-Altarelli-Pari@dGLAP) evolution equation:

YA 1
dz
t—@D (x;t) = ——SP(Z)D(X=Z;'[) ;
@t x Z 2
Beware! Note that
Z 1 VA 1

dzf (z)g9(z)+ = . dz ( z x)f(z)9(2)+
” Z . Z

= dz[f(z) ft(D]a(z) f(@) dzg(z)

X 0

Here D (Xx;t) represents parton momentum fraction distribution insidecoming hadron
probed at scald. In timelike branching, it represents instead hadron morten fraction
distribution produced by an outgoing parton. Boundary catnahs and direction of evolution
are di erent, but evolution equation remains the same.

31



Quark and Gluon Distributions

For several di erent types of partons, must take into accduh erent processes by which
parton of typei can enter or leave the elemelftt; x ). This leads to coupled DGLAP
evolution equations of form
Z
X 1dz
t@Di(X;t) = ——SPij (Z)Dj(XZZ;t ) —SPij Dj
@t oy 22 2

J

Quark (i = q) can enter element via eitheqg! qg org ! qqg, but can only leave via
g! qg. Thus plus-prescription applies only ®p! qg part, giving
|

1+ z2
Pga(z) = Paa(2)+ = Cr 1+ ZZ +
Pu(z) = Pglz)= Trlz°+@  2)7

whereCg = 4/3 and Tr = 1/2 for colour group SU(3).

Gluon can arrive either fromg ! gg (2 contributions) or fromqg ! qg (or g! qg).
Thus number arriving is

32



¢ 4 ( Dy(x=z;t) Dgy(x=(1 z)'t)#
Dgn = — dz— Pglz) L= g ’
t o 2 Z 1 z
1] #)

P.q(Z X X
4 Padl2) Dgq 't + Dy 't

1 =z 1 =z 1 =z

(

tZ 1 dz S

Gluon can leave by splitting into eitherg or qq, so that

; Z1 o _h i
D giout = t_D o(X 1) dZZ— Pgg(z) + niPog(2) dz
0

After some manipulation we ndCa = 3, n; light avours)

z
+3z(1 z) o+ + 3z(1

y s Z

2
gnfTR 1 z);

z)
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1+(1  z)*

Pyq(z) = Pgq(z)= Pyl 2z)= Ck .

Using de nition of the plus-prescription, can check that

1 1 11
+ 5z(1  z) + 5z(1 z)+ E (1

- + (1 Z)+
!
1+ z? 1+ z> 3
= — X+ -1 2z);
1 z a1 z) 2

-+

soP4q and P44 can be written in more common forms

mn #
1+ 72 3
Paa(Z = C —+ — (1 Z
as(2) S e i SO
Z 1 z
Paa(z = 2C + + z(1 Z
00(2) O T e )

1
+ S(11Ca  4niTR) (1 2):

2)
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Solution by Moments
GivenD(x;t) at some scald = tg, factorized structure of DGLAP equation means we
can compute its form at any other scale.

One strategy for doing this is to take moments (Mellin transfs) with respect tox:

Z 1
Di(N;t) = dx x ™ 1Di(x;t):
0
Inverse Mellin transform is
Z
1 N
Di(x;t) = 5 dN x Di(N;t) ;
C

where contourC is parallel to imaginary axis to right of all singularitie$ iotegrand.
After Mellin transformation, convolution in DGLAP equatiobecomes simply a product:

@ X
t@tDi(N;t): | i (N; s)Dj(N;t)

where moments of splitting functions give PT expansionasfomalous dimensions;; :

p n+1
NNy 2

i (N; 9
n=0
Z

PN = PN = 22 Ry ()

35



From above expressions &% (z) we nd

! #
©) 1 1 X
(N) = F -+ 2 —
9 2 N(N +1) o, K
! #
2+ N + N?
(O)(N) - R ( )
a9 N(N +1)( N +2)
! #
2
0) B 2+ N + N9
gq(N) - F N(N2 1)
©) 1 1 1
(N) = 2Ca + +
99 12 N(N 1) (N +1)(N +2)
#
. 2n T
K 3 f IR
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Consider combination of parton distributions which is awo non-singlet, e.g.Dv =
Dy Dg orDg Dg. Then mixing with the avour-singlet gluons drops out and
solution for xed gis

qq(N; 9
Dv(N;t)= Dv(N;to) - ;
0

We see that dimensionless functidhy , instead of being scale-independent function»of
as expected from dimensional analysis, sasling violation its moments vary like powers
of scalet (hence the name anomalous dimensions).

For running coupling s(t), scaling violation is power-behaved lm t rather thant. Using
leading-order formula s(t) =1 =bIn(t= 2), we nd
s(to) 249

Ov(N;t)= Dv(N;to) <0

wheredgg(N) = D (N)=2b .

Now dgq(1) =0 anddgg(N) < O for N 2. Thus ast increasedDy (N;t) is constant
for N =1 (valence sum rul¢ and decreases at largeé\ .
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Since large™N moments emphasise largar, this means thatD y (x;t ) decreasesat large
X and increasesat smallx. Physically, this is due to increase in the phase space foowl
emission by quarks ak increases, leading to loss of momentum. This is clearlyblgsin
data:

-N :\\\\H‘ T \\\\H‘ T T \\\\H‘ T T T T TTT T T \\\\H‘ :
% 105 . Xx=0.00050 e H1 ]
M = ZEUS
LL C i
I =0.0020 {
104 Lanppmnn v et S (i=13) A EIE/I%MS
r—* o n
3| =0.0080 |
10 ? P a8 0 “""..-' - E(lzlo) E
i e ane x = 0.020 i
102?”%.'-' i Atk (EF ) .
E Eng g GG BP ¢S qU o = X:OOSO E
R S e " " (i=6) ]
10 ?es%@MM&MM . coo on WA L u ¢ ¢ !E 6240)13 E
1 ?Mébw&&%mm ooe oBb ajoud o « % ig # EE%ZS E
r OQQ% LSAAAAAA A ) - E
A Sbssman dntoshasna s, o Mtd,‘fﬁ s gg % Xx=040 |
10 . (i=1) .
- 0NANMRAMARARR L o ; % i g 1
20 $ _ ]
10 ¢ ¥ f : 1 (6% -
NLO QCD Fit

10-3 \\\\H‘ Il \\\\H‘ Il Il \\\\H‘ Il Il \\\H\‘ Il Il \\\\H‘ Il

10 10° 10° 10 >

10
Q°/ GeV
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For avour-singlet combination, de ne = Dg + Dg . Then we obtain

@ t
@ t
t@% = z( ) [Pgg  + Pgg Dyl :

Thus avour-singlet quark distribution  mixes with gluon distributionD 4: evolution
equation for moments has matrix form

t—@ - aq 2Nt qg -
@t Dy gq 99 Dy

Singlet anomalous dimension matrix has two real eigenwalue given by

q
— 1 .
= 5[ ggt qq ( g9 qq)2+8 Nt gq qql

Expressing™ and Dy as linear combinations of eigenvectors, and = , we nd they
evolve as superpositions of terms of above form with in place of .
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At small x, corresponding ta\ !

1.6

14

1.2

0.8

0.6

0.4

0.2

1,

gg ' 1

Small x

B H196/97
® ZEUS 96/97

NMC, BCDMS, E665
CTEQ6D

- MRST (2001)

10

-3
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|  Higher-order corrections also become large in this region:

(1)(N) | 4OCF nfTR
9q (N 1)
a9 oN 1)
99 oN 1)
(1)(N) | (12C|: 46CA)nfTR :
99 oN 1)
| Thus we nd
. | 2C A S 1+ (26C|: 23CA)nf S N
N 12 18Ca 2
2C
= A > 1 0:64n; S o
N 12 2

where neglected terms are either non-singulafNat= 1 or higher-order in s. Thus NLO
correction is relatively small.
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| In general one nds BFKL) that for N | 1

xXooxn (n;m) s N
T (N 1)m 2

n=1 m=0

v Each inverse power d¢fN 1) corresponds to dog x enhancement at smak.

However, it happens that %2 and ©® are zero.
v This is the main reason why substantial deviations from NLQI[Qare not yet seen in DIS

at small x.

<
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Parton Showers

| DGLAP equations are convenient for evolution of parton disitions. To study structure
of nal states, a slightly di erent form is useful. Consideagain simpli ed treatment with
only one type of parton branching. Introduce tt#&udakov form factar

" 2t gt0% S ’
(t) exp L 10 dz 2—#’\(2) :
Then
@ 2 4z s D(x;t) @
tgD (1) = 72—I§(Z)D(X=z;t)+ (0 tol O
t@@t p _ 1f d?zz_slﬁ\(z)D(x:z;t):

| This is similar to DGLAP, excepbD is replaced byD=  and regularized splitting function
P replaced by unregularized . Integrating,

D(x;t) = ( t)D(Xto)
Ztdto( t)Z dz s

T 72—|3(Z)D(X=Z;t0) :
to
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1
| This has simple interpretation. First

term is contribution from paths that
do not branch between scales and
t. Thus Sudakov form factor( t)
Is probability of evolving fromty to
t without branching Second term *
is contribution from paths which have
their last branching at scal¢®. Factor
of ( t)=( tY is probability of evolving
from t°to t without branching. 0

Zo

2

t t Q
|  Generalization to several species of partons straightfody Species has Sudakov form

factor 2
X Z tdtoz 3
(t) exp4 T dz —IﬂJI (z)5 ;
i to

which is probability of it evolving frontg to t without branching. Then

Z
@ Di _ 1 X dz s
@t — == I’—"\IJ (z)Dj(x=z;t) :

j
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Infrared Cuto

In DGLAP equation, infrared singularities of splitting fations atz = 1 are regularized
by plus-prescription. However, in above form we must intnod an explicit infrared cuto
z< 1 (t). Branchings withz above this range arenresolvable emitted parton is too
soft to detect. Sudakov form factor with this cuto is probality of evolving fromtg to t
without any resolvablebranching.

Sudakov form factor sums enhanced virtual (parton loop) aasllvas real (parton emission)
contributions.  No-branching probability is the sum of wdl and unresolvable real
contributions: both are divergent but their sum is nite.

Infrared cuto (t) depends on what we classify as resolvable emission. Forlikiene
branching, natural resolution limit is given by cuto on p@an virtual mass-squared,>t o.
When parton energies are much larger than virtual masses)dverse momentumia! bc

IS

pr = z(1 2z)ps (1 2)p, 2zp.> O:
Hence forpZ = t and pg; pZ >t o we require

z(1 z)>to=t;

that is, q

z; 1 z> (t)= 3 3 1 A4te=t' to=t:
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Quark Sudakov form factor is then

[1] #

Z dtOZ 1 tg=t? <
g(t) ' exp dzz—l‘—”\qq(z)

otg 10 g=t0

Careful treatment of running coupling suggests its argurnshould bep% z(1  2)t°
Then at larget

S(t) pint
s(to)

(p = a constant), which tends to zero faster than any negative powft.

q(t)

Infrared cuto discussed here follows from kinematics. Weab see later that QCD dynamics
e ectively reduces phase space for parton branching, legdio a more restrictive e ective
cuto .

Each emitted (timelike) parton can itself branch. In that sat evolves downwards towards
cuto value tg, rather than upwards towards hard process scé. Due to successive
branching, aparton cascadeor shower develops. Each outgoing line is source of new
cascade, until all outgoing lines have stopped branching.ths stage, which depends on
cuto scale tp, outgoing partons have to be converted into hadrons viadhadronization
model
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| Figure shows (schematically) a typical parton showerZfi ! hadrons: for a resolution
scalet, 1 Ge\?, about 7 gluons are emitted.
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Polarization E ects

Correlation between plane of polarization of initial gluanmd plane of branching (angle)
ing! gg:

1 z y4
Pyg(z; ) =2 Ca —+ 7 Z+z(1 z)+ z(1 z)cos?2

Hence branchingn planeof gluon polarization preferred.
Forg! qq:
h i
Pu(z; )= Tr z°+(1  z)* 2z(1 z)cos2

l.e. strong preference for splittingerpendicularto polarization.
Branchingg! qg:

v Helicity conservation ensures that quark does not changkchy in branching.
v Gluon polarizedn planeof branching preferred:

11 #
Poo(z; )= C 1 22+ 2z cos 2
s ST R T T 2

48



Four-Jet Angular Distribution

| Angular correlations are illustrated by the angular dibtition ine* e ! 4 jets. Bengtsson-
Zerwas angle gz is angle between the planes of two lowest and two highest gynégets:

COS gy = (Pl pz)“(ps pz}):
IP1 P2JJP3 P4l
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v Lowest-order diagrams for 4-jet production shown below. dl'Wwardest jets tend to follow
directions of primaryqqg.

5
Tl

v \Double bremsstrahlung” dlagrams glve negllglble cortaas.

v g ! qq give strong anti-correlation (\Abelian" curve), becauséugn tends to be polarized
in plane of primary jets and prefers to split perpendiculargolarization.

v g ! gg occurs more often parallel to polarization. Although itsroglation is much weaker

thaning! qqg,g! gg is dominantin QCD due to larger colour factor and soft gluo
enhancements.

v Thus B-Z angular distribution isatter than in an Abelian theory.
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Combining with ts to e" e event shape distributions allows determination of the aolo
factorsCp, andCpg.

o5 LA L B L L L B L L B L B
Tt . Su(s
| Combined result *°®
L * SU(B)QCD ' ;
i sue) ".""\OPAL Ngg -
- DELPHI FF -
15 F _ _
i — OPAL 4-jet
C
F — Event Shape
1 [ ALEPH 4-et ~_ i
l SU(2)
0.5 & vy ]
86% CL error ellipses
i SuU(1)
O Lo .-. PR T SN (T TN SR TN T N TR SN ST TN Y SR TR ST S N ST SR S
0 1 2 3 4 5 6
CA
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Summary of Lecture 1

Deep inelastic lepton scattering (DIS) reveals parton stiwre of hadrons.

\Y
\Y
Vv

Pointlike constituents) Bjorken scaling.
Sum rules reveal properties of partons.
Gluons inferred from missing momentum.

QCD charge anti-screening asymptotic freedom

\Y
Vv
Vv

Infrared safe quantities perturbatively computable.
Factorization) violation of Bjorken scaling also computable.
Leading contribution due to multiple small-angle partonamching.

Parton distributions evolve according to DGLAP equations.

\Y
Vv

These involve convolutions solve by taking momentsx(™ 1)
Divergences adl ! 1 lead to rapid increase in parton distributions at small

Emitted partons can also branch, leading to parton showers.

\Y
Vv
Vv

Showers determine broad structure of nal state.

Sudakov form factor gives probability of evolution withotgsolvable branching.
Can follow parton showers until evolution scale becomes o for
perturbation theory) infrared cuto. Then we need hadronization model.
Gluon polarization leads to angular correlations in shawver
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