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1 The Lorentz-invariant matrix element for the decay 7~ — 7~ v; is given by

Mfi - fﬂgpvpzﬂ(pa)’)f“%(l - 75)11',(]91),
where & is a constant, and p;, p; and p4 are the respective four-momenta of the 7~
v, and 7.
(a) Draw the leading-order Feynman diagram for the decay 7= — 77v,. 2]

(b) Consider the 7~ decay in its rest frame. The 7~ spin is in the positive z
direction and the 7~ is produced at a polar angle * and has energy and
momentum, E* and p*, i.e. pf = (E*, p*sin@*,0, p* cos §*). Show that

Ty(pa)y* (1 = u(p) =0 and % (ps)y"*2(1 — " )ur(pr) = By (ps)v*us (1),
where %; and %) are the adjoint spinors for the v, right- and left-handed helicity
states and wu; is the spinor for the 7-lepton at rest with S, = +1/2. 5]
(c) Show that

9* 9* 9*
(Pa #Ul(pl = /2m.p (_ COS 2 , 18N — 9 , COS —Q—)a

and hence

dr, *12

d(cosTG*) x (fnz (
where I is the partial decay width when the 7~ spin is in the +z-direction. [Thc
polar angles of the tau neutrino are 03 = m — 8% and ¢3 = "1'1"] [12]
(d) Sketch the form of dI. /d(cos #*) and explain it in terms of the spins of the

particles involved. Without explicit calculation, sketch the expected form of
dI7, /d(cos8*), i.e. the polar angle distribution of the 7~ in the rest frame of the

7~ for the case where the 7~ spin is in the —z-direction. (3]

1+ cos "),

(e) At LEP, 7 leptons are produced in the process ete™ — Z — 7777 at /3 = mgy.
For 7= decays where the 7~ has helicity +1, show that the energy distribution of
the produced pion is approximately

ary By
dE, E
where F, and E, are the energies of the 7~ and 7~ in the laboratory frame.

[Apply a Lorentz transformation to py to obtain an expression for E. in terms of
E* p* and cos8*, take p* = E*, and take the 7~ wvelocity to be 3, =~ 1. ] ' [5]

(f) In the process ete™ — Z — 717~ at /s = mg, the energy distribution of the
7~ from 77 decays is found to be consistent with

i—N = 1.14 — 0.28z = 0.86z + 1.14(1 — z),
2

where © = E,/E.. Explain this observation. [3]
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You may require the following information:

The helicity eigenstate spinors u;(p) and u(p) for a particle of mass m and
four-momentum p” = (E, |p| sin cos ¢, |p| sin @ sin ¢, |p| cosf) are

cos@/2 —sind/2

—— e sin §/2 WE——— € cos /2

wlp)=vE+m| - cesgz | 2 R 22l sin6/2
%Bi‘ﬁ sin 9/2 — Elilme""?s CcoS8 9/2

For a particle with momentum along the z-direction, the spinor for the S, = +1/2
eigenstate is

1
ui(p) =vE+m _S_

E+4+m
0
The Dirac matrices are given by
10 0 0 0 0 01 0 00 —i
o |01 0 o0 . | o0 10 > [ 00 o0
T 1loo0o -1 0 | TS o —1t00]" TT| o0 ioo0
00 0 -1 -1 0 00 - 00 0
0 01 0 0010
s | 0 00 -1 d S| 00001
T=1-100 0 |’ TTl1000
0 10 0 0100

The differential decay rate in a particle’s rest frame is given by

ar . p
d?2  3272m?

| Mg .

For a Lorentz transformation along the z-direction

E =~(E'+ 8p,), px =0}, py = py,and p, = v(p, + BE').

(TURN OVER
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2 In electron-proton scattering, the Lorentz invariant quantities, s, Q%, z and y
are defined as ,
2
Da.
s=m+p)?, Q@=-=-(m-p)? z= and y= 2q,
2pa.q D1.p2

where p; and p, are the four-momenta of the initial-state electron and proton, and
ps is the four-momentum of the scattered electron. Neglecting the Q* dependence
of the structure functions, Fy¥ and F;”, the differential cross section for
electron-proton deep inelastic scattering can be written as ‘

d?e?  dra? B (x)
= 1 — )2t L aP PPl |,

(a) For the case where the proton is at rest, express s, @%, @ and y in terms of the
proton mass, m,, the electron scattering angle, #, and the energies of the incoming

and scattered electron, £, and Ejs. 4]
(b) In the parton model, show that z can be interpreted as the fraction of the

proton’s momentum carried by the struck quark in a frame where the proton has
infinite momentum. Explain any assumptions made. [4]

(c) The differential cross section for electron-quark scattering can be written as

d20%  4dwa’e? 2
o L q {(1 _ y) Ja y_:| ,

dQ? Q¢ 5
where ¢, is the charge of the quark. Using the parton model, including

contributions from the light quarks (u, d, s) only, show that

B0 o) + )] + 5ldo) + Aa) + 5(2) +3(a)

where u(z), d(z) and s(z) are the up-, down- and strange-quark parton
distribution functions for the proton. Obtain a similar expression for the
electron-neutron structure function, F"(zx). 6]

(d) Stating clearly any assumptions made, show that

fo [F5(@) = Fg™(a)l,, 1. % fo [fi(z) — d(x)] de,

T 3

and interpret the observed value of 0.24 £ 0.03. (6]
(e) In the parton model for neutrino-nucleon scattering the structure functions are

FYP(z) = 2z[d(z) + s(z) +T(x)] and Fy™(z) = 2z[u(z) + 5(z) + d(z)).

Assuming s(z) = 3(z), obtain an expression for zs(z) in terms of the structure

functions for neutrino- and electron-nucleon scattering,

FyN(z) = 3(F3"(z) + Fy™(2)) and F§¥(2) = 3(F3"(2) + F5"(2)). [7]

(f) Provide possible physical explanations for why d(z) > u(z) > 3(z). 3]
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Answer both sections (i) and (ii).

(i) In the form of bullet points, write brief notes on two of the following topies:

(a) CP violation in the neutral kaon system.
(b) Atmospheric and solar neutrino oscillations.

(c) Electroweak unification.
(d) QCD.

(ii) Answer two of the following questions:

(a) Show that the decays K9 — 7%7% and K — n*7~ occur in CP even
eigenstates. [ All the particles involved have J¥ = U‘.]

(b) In the laboratory frame, determine the neutrino threshold energies for
the charged-current weak interaction processes v, +e~ — y~ + v, and
Vr4+n— T +Dp. [Take me = 0.5 MeV, m, = 106 MeV, m, = 1.78 GeV and
M & My = 940 MeV. Neglect the neutrino masses. |

(c) Draw the lowest order Feynman diagrams for ete™ — W+W~. Assuming
the yniversality of the weak charged current, what fraction of WHW— decays
are fully-hadronic, i.e. WTW~™ — ¢17,937,7

(d) For the interaction between quarks, the QCD colour factor is defined as

Z }\?kr

where ¢, j, k,l = r,g,b and the A\* are the Gell-Mann matrices. Obtain the
colour factors for rr — rr, 7b — rb and rb — br.

C(tk — jl) =

[ The stapdard representation of the SU(8) A-matrices is
010 0 —i 0 1 0 0
Al=(100 M=[i 0 0 NM=|0-10
0 00 a0 0 0 0 0 0
0 0 1 0 0 —i 000
M=(000 X¥=100 0 M=1001
100 7 0 0 010
00 0 1 10 0
AM=10 0 —i MB=—101 0
0 2 0 V3 0 0 -2

END OF PAPER
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